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Abstract—In this work, we are presenting an extension of
the cooperative dual-task space (CDTS) in conformal geometric
algebra. The CDTS was first defined using dual quaternion
algebra and is a well established framework for the simplified
definition of tasks using two manipulators. By integrating confor-
mal geometric algebra, we aim to further enhance the geometric
expressiveness and thus simplify the modeling of various tasks.
We show this formulation by first presenting the CDTS and then
its extension that is based around a cooperative pointpair. This
extension keeps all the benefits of the original formulation that
is based on dual quaternions, but adds more tools for geometric
modeling of the dual-arm tasks. We also present how this CGA-
CDTS can be seamlessly integrated with an optimal control
framework in geometric algebra that was derived in previous
work. In the experiments, we demonstrate how to model different
objectives and constraints using the CGA-CDTS. Using a setup
of two Franka Emika robots we then show the effectiveness
of our approach using model predictive control in real world
experiments.

Index Terms—Geometric Algebra, Dual-Arm Manipulation,
Optimal Control

I. INTRODUCTION

With the increasing desire to deploy robots in human envi-
ronemnts, the need for robots to have human-like manipulation
capabilities arises. One inherent ability that humans have is to
manipulate objects using both their hands and arms, which
is needed for example when objects that are either too large
or too heavy need to be manipulated. In order to match these
capabilities and to be able to mimic them, robotic systems also
need to be able to cooperatively control two arms in order to
perform tasks in human environments.

Apart from dual-arm systems being more human-like in
terms of form factor, they also have some technical advan-
tages. One can have the stiffness and strength of parallel
manipulators combined with the flexibility and dexterity of
serial manipulators [1]. Furthermore, since they increase the
redundancy in the task-space due to their high number of
degrees of freedom, they are better suited for intricate tasks
that require a high manipulability such as screw assembly [2]
and dishwashing [3]. Other applications of bimanual systems
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Fig. 1: Cooperative dual-task space using conformal geometric
algebra. The figure shows the two manipulators as well as their
individual, relative and absolute motors. Additionally, it shows
the cooperative pointpair.

are manipulating articulated objects [4] or cables [5]. More
advantages and examples are listed in [6].

Since many problems in robotics boil down to optimization
problems that can be solved efficiently with various state-of-
the-art solvers, it is of great interest to facilitate the modeling
and increase the expressiveness of the formulations. Choosing
the correct representation can make a huge difference in terms
of how much prior knowledge we can embed into the formu-
lation of those optimization problems. These are in robotics
often very geometric, hence it is very beneficial to choose rep-
resentations that intuitively allow to incoporate the geometry
of the problem. For the case of dual-arm manipulation, the
cooperative dual-task space (CDTS) [7] was proposed. This
approach uses dual quaternion algebra (DQA), which not only
unifies the treatment of position and orientation, it also allows
the representation of various geometric primitives [8]. These
primitives can then be used to simplify the modeling of the
tasks.

Dual quaternions have a strong connection to geometric
algebra, especially the variants known as projective (PGA)
and conformal (CGA) geometric algebra [9], since dual quater-
nions are isomorphically embedded in their sub-algebras [10].
The geometric algebras, however, are richer algebras that offer
more geometric primitives and, more importantly, they offer
the geometric construction of primitives based on operations
such as intersections [10]. This leads to new possibilities when
formulating objectives and constraints based on the geometric
primitives in the CGA-CDTS compared to the DQ-CDTS,
which we will show in the experiments.

In this article, we formulate the CDTS in conformal geomet-
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ric algebra and show how this formulation naturally extends
the DQ-CDTS. The resulting CGA-CDTS retains the same
properties of a compact representation of two arm system as
the DQ-CDTS, while adding a useful geometric primitive,
the cooperative pointpair, that represents both end-effector
positions simultaneously. Furthermore, we demonstrate how
the CGA-CDTS can be used in the optimal control formulation
with geometric primitives for manipulators that we presented
in [11]. Hence, this article aims to explain the basic mathe-
matical formulations of various optimization problems using
the CGA-CDTS.

II. BACKGROUND

A. Cooperative Dual-Task Space

We will introduce the cooperative dual-task space here
conceptually, and not mathematically, since its original def-
inition uses dual quaternion algebra. In contrast to that, we
will be defining and extending it using conformal geometric
algebra. So, for the sake of conciseness, we are keeping this
introduction on a high level.

The cooperative dual-task space was proposed as a compact
and singularity-free representation of a two-arm system [7]. It
is defined using two poses that depend on the end-effector
poses of the two manipulators, one is the relative and the
other one is the absolute pose. All poses are represented using
unit dual quaternions, which have advantages compared to
other representations, such as coupled position and orientation,
singularity-free representation and efficient computation [12].

Based on the compact representation of the CDTS, various
control strategies have been proposed. In [13], a coupled task-
space admittance controller was presented, that allowed for
a geometrically consistent stiffness term. A reactive control
strategy was developed in [14] that leveraged geometric prim-
itves for task relaxations and priorities. Task priorities for
control in the CDTS were also proposed in [15]. In order
to exploit human demonstration that allow the teaching of
cooperative motions, motion primitives for bimanual systems
were presented based on the CDTS [16].

Note that the results of the research that is based on the
DQ-CDTS can also be used with the CGA-CDTS, albeit with
mathematical changes due to the different algebra. Further-
more, the mentioned advantages of DQA also apply to CGA,
since dual quaternions and the corresponding subalgebra in
CGA, i.e. the motors, are isomorphic [17].

B. Geometric Algebra

Geometric algebra is a single algebra for geometric rea-
soning, alleviating the need of utilizing multiple algebras to
express geometric relations. In this article, we are using the
variant known as conformal geometric algebra (CGA). We use
the following notation: x to denote scalars, x for vectors,
X for matrices, X for multivectors and X for matrices of
multivectors.

A general element for computation in geometric algebra is
called a multivector. There are three main products that can be
used with multivectors: the geometric product XY , the inner

product X ·Y and the outer product X ∧Y . The trivial vector
case shows that the geometric product combines the inner ·
and the outer ∧ product

ab = a · b+ a ∧ b. (1)

The outer product is a spanning operation that allows the
creation of geometric primitives from points Pi. For example,
two points P1∧P2 yield a point pair, three points P1∧P2∧P3

a circle and four points P1 ∧P2 ∧P3 ∧P4 a sphere. There are
more primitives, that we will introduce when we use them in
the experiments.

Rigid body transformations are represented by motors M .
They can be applied to multivectors by a sandwiching opera-
tion, similar to how quaternions rotate vectors

Y = MXM̃, (2)

where M̃ stands for the reverse of a motor. Motors are
exponential mappings of so-called bivector (i.e. the subspaces
spanned by the outer product of two vectors), the inverse
operation is the logarithmic map

M = exp(B) ⇐⇒ B = log(M). (3)

The motor M(q) corresponding to the forward kinematics
of a kinematic chain can be computed as the product of the
individual joint motors

M(q) =

N∏
i=1

Mi(qi). (4)

The analytic Jacobian can then be found as the derivative
of the forward kinematics motor defined in Equation (4), i.e.

J A(q) =
∂M(q)

∂q
=

[
∂M(q)
∂q1

. . . ∂M(q)
∂qN

]
. (5)

At this point, we only introduced the most important con-
cepts for understanding the proposed method. For a complete
introduction we refer interested readers to [18] and [19].

III. METHOD

The CDTS in conformal geometric algebra is an extension
of the CDTS in dual quaternion algebra. We first present
the basic reformulation of the CDTS in CGA and then its
extension by using the additional geometric primitives. Lastly,
we present how the CGA-CDTS can be used within an optimal
control framework using geometric algebra that we previously
proposed for manipulation tasks.

A. Conformal Geometric Algebra Cooperative Dual-Task
Space

The geometric algebra equivalent of the relative and ab-
solute dual quaternions of the DQ-CDTS are defined using
motors. Given the joint configurations of the two manipulators,
q1 and q2, respectively, we can easily find their end-effector
motors M1(q1) and M2(q2) using the forward kinematics in
CGA. From this it is straightforward to formulate the relative
motor as

Mr(q1, q2) = M̃2(q2)M1(q1), (6)



while its Jacobian, i.e. the relative analytic Jacobian, can be
found as

J A
r (q1, q2) =

[
M̃2(q2)J A

1 (q1) J̃
A

2 (q2)M1(q1)

]
. (7)

Similarly, the absolute motor can be found as

Ma(q1, q2) = M2(q2)Mr/2(q1, q2)

= M2(q2) exp

(
1

2
log

(
Mr(q1, q2)

))
,

(8)

with its corresponding absolute analytic Jacobian

J A
a (q1, q2) =M2(q2)J A

Mr/2
(q1, q2)

+
[
0 J A

2 (q2)Mr/2(q1, q2)
]
,

(9)

where J A
Mr/2

(q1, q2) is the analytic Jacobian of the motor
Mr/2(q1, q2). It can be found as

J A
Mr/2

(q1, q2) = JB→M(Br/2)JM→B(Mr)J
A
r (q1, q2).

(10)
Here, Br/2 is the logarithm of the motor Mr/2. The matrices
JB→M and JM→B are the Jacobians of the exponential and
logarithmic mapping respectively. We already showed the
derivation of the Jacobian of the logarithmic mapping in the
appendix of [11]. The Jacobian of the exponential mapping
can be found in Appendix A.

Both the relative and the absolute analytic Jacobians are
1 × 2N multivector matrices that contain motors as their
elements. Hence, when expanding it to normal matrix algebra
they become 8× 2N matrices.

Since motors in CGA can be used to transform any geomet-
ric primitive that is part of the algebra in a uniform way, it is
easy to find cooperative geometric primitives. Their definition
can be trivially found using Equation (2), where M is either
the relative Mr(q1, q2) or absolute Ma(q1, q2) motor and X
can be any geometric primitive. The corresponding Jacobians
are then found using the respective Jacobians J A

r (q1, q2) and
J A

a (q1, q2).

B. Cooperative Pointpair

In extension to the CDTS that was defined using dual
quaternion algebra, the CDTS presented here using CGA also
allows a geometric primitive that corresponds to both end-
effector positions simultaneously. This cooperative pointpair
is defined as the outer product of the two end-effector points,
i.e.

Pcdts = M1(q1)e0M̃1(q1) ∧M2(q2)e0M̃2(q2). (11)

The Jacobian of the cooperative pointpair can be found as

J Pcdts
=

[
J Pcdts,1 J Pcdts,2

]
, (12)

where

J Pcdts,1 =J A
1 (q1)e0M̃1(q1) ∧M2(q2)e0M̃2(q2)

+M1(q1)e0J̃
A

1 (q1) ∧M2(q2)e0M̃2(q2),
(13)

and

J Pcdts,2 =M1(q1)e0M̃1(q1) ∧J A
2 (q2)e0M̃2(q2)

+M1(q1)e0M̃1(q1) ∧M2(q2)e0J̃
A

2 (q2).
(14)

Note that the cooperative pointpair is a direct representation
of both points and is not the same as stacking the two points.
Therefore the Jacobian matrix is also different, which will lead
to different solutions of optimization problems. An example of
this is shown in Figure 2, where two Franka Emika robots are
tasked to reach a plane, once individually (i.e. by stacking their
end-effector points) and once cooperatively (i.e. by using the
cooperative pointpair that is presented here). It can be seen that
the corresponding solution configurations are not the same,
which shows that the cooperative pointpair representation lets
the two robots influence each other.

Fig. 2: Dual-Arm manipulator reaching a plane. The target
plane is shown in red. The white Franka Emika robots show
the initial configurations, the green ones are the result of indi-
vidually reaching the plane, and the blue ones cooperatively.

Evidently, this cooperative pointpair Jacobian has a singu-
larity in the case when both end-effector positions are equal.
This will cause the outer product, by definition, to be zero.
In practice, this can be avoided by posing a constraint on
the distance between end-effectors, which usually is required
anyways.

C. Using the CGA-CDTS for Optimal Control

Integrating the CGA-CDTS into the optimal control frame-
work that we presented in [11] can be achieved by replacing
the single end-effector motor with the relative and absolute
motors, respectively. The objective of reaching a target motor
is then formulated as

EM (q1, q2) = log
(
M̃targetM(q1, q2)

)
, (15)

where M(q1, q2) can be either Mr(q1, q2) or Ma(q1, q2).
Alternatively, we can define a residual multivector for

reaching a geometric primitive Xd as

EXd
(q1, q2) = Xd ∧M(q1, q2)XM̃(q1, q2), (16)

again using either the relative or absolute motor. Deriving the
respective Jacobians is straightforward using the definitions



of the relative and absolute analytic Jacobians in Equations
(7) and (9). With this, these residual multivectors of the
CGA-CDTS can then directly be used to define objectives or
constraints for optimal control problems, which would mean
for example that a relative or absolute geometric primitive
should be reached.

The cooperative pointpair can also be used in order to define
tasks as optimization problems. The first way to do so is using
the outer product in a similar way to the above relative and
absolute residual multivectors, i.e.

Ecdts(q1, q2) = Ptarget ∧ Pcdts(q1, q2), (17)

with the Jacobian

J Ecdts
(q1, q2) = Ptarget ∧J Pcdts

(q1, q2), (18)

This objective means that the two manipulators should coop-
eratively reach a single point. The implications and results of
this objective are further detailed in the experiment section.

Another common use-case are containment relationships
for the cooperative pointpair with respect to other geometric
primitives. These can then be used to define tasks where
the dual-arm system should cooperatively reach a target.
The mathematical formulation is using a product called the
commutator product ×, i.e.

Ecdts(q1, q2) = Xd × Pcdts(q1, q2)

=
1

2
(XdPcdts(q1, q2)− Pcdts(q1, q2)Xd).

(19)

The Jacobian of this containment relationship can be found as

J Ecdts
(q1, q2) = Xd ×J Ecdts

(q1, q2). (20)

The interpretation of the residual multivector Ecdts(q1, q2) is
that it should be reduced to zero if the cooperative pointpair
is contained within the desired geometric primitive Xd, e.g. if
both end-effector points lie on a circle.

The distance between the two end-effector can be con-
strained using the inner product between the two end-effector
points, i.e.

Ed(q1, q2) = −2M1(q1)e0M̃1(q1) ·M2(q2)e0M̃2(q2)− d2,
(21)

where d is the desired distance.

IV. EXPERIMENTS

In this section, we are presenting various cooperative tasks
that are defined in the CGA-CDTS. For each task we are
providing the mathematical definition of the optimization
problem. We are then solving those optimization problems
using standard solvers such as Gauss-Newton. For simplicity,
the problems in simulation are formulated essentially as in-
verse kinematics problems, the same objectives and constraints
can, however, be used in optimal control problems that are
for example then used for model predictive control. We are
demonstrating this in the real world experiments, where the
problems are then solved by using a variant of the iterative

linear quadratic regulator (iLQR) [20]. Both the simulation and
the real-world experiments use the same setup of two table-
top mounted Franka Emika robots. Additional material for the
experiments as well as the videos of the real world experiments
can be found on the accompanying website 1. All geometric
algebra computations are done using our open-source library
gafro2.

A. Cooperatively Reaching a Point

As mentioned before, the cooperative pointpair models both
end-effector positions simultaneously. Hence, when formulat-
ing a simple optimization problem such as reaching a single
point, the system automatically chooses which manipulator
should perform the task. Since the information of both manip-
ulators is encoded in one geometric primitive, it alleviates the
need to construct the problem using conditional formulations.
The problem can be expressed compactly using the outer
product, i.e.

q∗ = min
q

∥∥∥Ptarget ∧ Pcdts(q1, q2)
∥∥∥2
2
. (22)

An example of this task is shown in Figure 3. Notice
how in both cases the manipulator that is closer to the point
performs the reaching task while the other remains in its initial
configuration.

(a) Left arm reaching for the point.

(b) Right arm reaching for the point.

Fig. 3: Two Franka Emika robots reaching for a single point
in the cooperative dual-task space. The initial configurations
are shown in white and the final ones in gray. The target point
is shown in red.

1https://geometric-algebra.tobiloew.ch/cdts/
2https://github.com/idiap/gafro

https://geometric-algebra.tobiloew.ch/cdts/
https://github.com/idiap/gafro


We also show this experiment in using the real-world setup
and the accompanying video can be found on our website.

B. Cooperatively Reaching a Circle

One of the geometric primitives that is available in CGA
but not DQA is a circle. Hence, we can use the CGA-CDTS
to define a task where a dual arm system should cooperatively
reach a circle. An example application of reaching a circle
would be holding a filled bucket with two manipulators.
Mathematically, a circle is obtained by the outer product of
three points.

The problem of cooperatively reaching a circle is formulated
as a constrained optimization problem using the cooperative
pointpair

q∗ = min
q

∥∥∥ log (M̃r(q0)Mr(q)
)∥∥∥2

2

s.t. C × Pcdts(q1, q2) = 0.
(23)

This optimization problem formulates the task of reaching a
circle, while trying to maintain the initial relative motor. The
result of this problem can be seen in Figure 4. Formulating

Fig. 4: Two Franka Emika robots reaching a circle in the
cooperative dual-task space while trying to maintain the same
relative motor.

the task in this manner circumvents the mentioned singularity
issue in the Jacobian of the cooperative pointpair, since the
system will reach circle while keeping as close as possible to
their initial relative poses.

C. Aligning Orientation Axis

When two manipulators are cooperatively manipulating an
object, often it is necessary to partially constrain their relative
orientation, which is necessary in nearly all dual-arm grasping
scenarios of rigid objects. One way to do so is enforcing
collinear lines in the desired direction at the end-effector level.
This is again achieved by using the commutator product, i.e.

EL1L2
(q1, q2)

= M1(q1)L1M̃1(q1)×M2(q2)L2M̃2(q2).
(24)

In Figure 5, we show the results of minimizing
EL1L2

(q1, q2), where L1 = L2 = e0∧(e0+e1+
1
2e∞)∧e∞,

which corresponds to aligning two lines that pass through
the x-axes of the frames at the end-effectors of the two
manipulators.

Fig. 5: Aligning the x-Axis.

There are, of course, other ways to achieve this behavior,
e.g. by constraining the orientation part of the relative motor.
We chose to demonstrate this method of aligning orientation,
however, because it provides a lot of flexibility, since the two
lines L1 and L2 can be chosen arbitrarily.

A similar instance of this problem can be defined using
the absolute motor of the CGA-CDTS. By using the absolute
translator Ta(q1, q2) we can move a desired line to the
absolute position and require it to be identical to the line
moved by the absolute motor. This defines a desired orientation
with respect to the arbitrary axis that is defined by the line.
The formulation hence is

ETL
(q1, q2)

= Ta(q1, q2)LT̃a(q1, q2)×Ma(q1, q2)LM̃a(q1, q2).
(25)

D. Balancing a Plate

In this real-world experiment we are combining several of
the previous constraints in order to implement the task of
balancing a plate. First, the robot lifts the plate to a height of
20cm above the table, then it will try to keep it in that position.
This is formulated as constrained optimization problem, where
the objective is to stay close to the initial configuration and the
constraint is to keep the z-axis of absolute motor perpendicular
to the xy-plane.

We formulate this task as an optimal control problem

u∗ =min
u

∥∥∥EN (xN )
∥∥∥2
2
+

N−1∑
k=0

∥∥∥Ek(xk)
∥∥∥2
2
+ ∥uk∥2R

s.t. xk+1 = f(xk,uk)

(26)

where x =
[
q⊤
1 , q

⊤
2 , q̇

⊤
1 , q̇

⊤
2

]⊤
and u =

[
q̈⊤
1 , q̈

⊤
2

]⊤
. As the

state dependent cost we choose the residual multivectors of
Equations (24) and (25), where the line L is chosen to be the
z-axis, i.e. L = e0 ∧ (e0 + e3 + 1

2e∞) ∧ e∞. This means
that the two manipulators should simultaneously keep their
relative grasping positions on the plate and to keep the plate
horizontal.

This formulation is given to a model predictive controller
that uses second order system dynamics to compute desired
accelerations. Using inverse dynamics we then compute torque
commands for the control of the two manipulators. We chose
a short horizon of 10 timesteps with ∆t = 0.01, in order to
achieve a very reactive behavior of the controller. The model



predictive controller is then run at 100Hz and the inverse
dynamics controller at 1000Hz.

Fig. 6: Results of balancing a plate in different configurations.

Since there are only relative constraints in this task, the
robots have a compliant behavior when one of them or the
plate is moved by hand. The other one then adapts its config-
uration accordingly. We show several different configurations
in Figure 6. If no external forces are applied, the robots stay in
their current configuration. This experiment can also be seen
in the accompanying video on our website.

V. CONCLUSION

In this article we presented an extension of the cooperative
dual-task space in conformal geometric algebra, namely the
CGA-CDTS. This extension keeps all the benefits of the
original formulation that is based on dual quaternions, but
adds more tools for geometric modeling of the dual-arm
tasks. After reformulating the CDTS, we showed how the
cooperative pointpair can be used to simultaneously represent
both end-effector positions and how that can be exploited for
cooperative reaching tasks and how the additional geometric
primitives facilitate the modeling of dual-arm tasks. We then
demonstrated the integration of the CGA-CDTS into an ex-
isting framework for optimal control using geometric algebra.
In future work the ideas of the CGA-CDTS could be used to
facilitate the modeling of the task spaces of robotic hands. For
a 3-finger hand, for example, the cooperative pointpair could
become a cooperative circle.
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