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Linear algebra:

• Products (Hadamard, Kronecker, Khatri-Rao)

• Separation of variables

• Singular value decomposition (SVD)

3 tensor decomposition models:

• Canonical polyadic (CP)

• Tucker

• Tensor train



Products (Hadamard, Kronecker, Khatri-Rao)
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Hadamard (elementwise) product - Example
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Kronecker product - Example
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Khatri-Rao product - Example
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Tensors
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2nd-order 
tensors

1st-order 
tensors

3rd-order 
tensors

…

Tensors appear in various forms:
• Raw data 

(arrays of sensors, multidimensional channels)
• Data evolution over time window 

(sets of short sequences)
• Data in multiple coordinate systems
• Basis functions expansion

Images: 3D tensors 
(width, height, color channels)

Videos: 4D tensors 
(frame, width, height, color channels)

TENSOR CORE



Tensor methods - Motivation
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Tensor factorization 
→ Multiway analysis of the data

Couldn’t we simply vectorize/flatten our 
data before further processing? 



Tensor data in robotics: Available processing tools
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Neural networks

Figures from: Andrzej CICHOCKI (2014), Era of Big Data Processing: 
A New Approach via Tensor Networks and Tensor Decompositions

Tensor networks

Figure from: Fjodor van Veen, Asimov institute 



Separation of variables: a factorization problem
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Matrix factorization with
standard linear algebra: 

(singular value decomposition)

Rank-1 decomposition:

→ Representation in a separable form

Rank-R decomposition:

(in matrix form)

Extension to data with more indices (tensors):

(CP decomposition)



Data structured as tensors
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Matrix factorization with
standard linear algebra: 
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Tensor indexing - Slices and fibers
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Tensor matricization / unfolding
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(mode-1 unfolding)



Mode-n product
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Mode-n product - Example
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Outer product and inner product
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(outer product)

(inner product)



Singular value decomposition (SVD)
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Data structured as tensors
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Matrix factorization with
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CP decomposition
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CP decomposition
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CP parameters estimation: Alternating least squares (ALS)
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Data structured as tensors
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Matrix factorization with
standard linear algebra: 
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Tucker decomposition
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Core tensor



Tucker parameters estimation: Higher-order SVD (HO-SVD)
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In contrast to CP, the 
Tucker decomposition is 
generally not unique

→ A, B and C constrained 
to be orthogonal matrices



Data structured as tensors
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Matrix factorization with
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Tensor train parameters estimation: TT-SVD
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Example: Tensor train for global optimization

decision variable
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For 2D decision variable:

Tensor train (TT)

For nD decision variable:
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Cross approximation (skeleton decomposition) of a probability distribution:

→ Can be used to approximate an unknown matrix by querying rows and columns of 
the matrix in an iterative manner, while estimating the rank of the matrix 

Singular value decomposition (SVD)

Example: Tensor train for global optimization
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Cross approximation (skeleton decomposition) of a probability distribution:

Original distribution Reconstructed distribution
(rank 1 approximation)

Reconstructed distribution
(rank 3 approximation)

Example: Tensor train for global optimization

→ Can be used to approximate an unknown matrix by querying rows and columns of 
the matrix in an iterative manner, while estimating the rank of the matrix 



Optimization benchmarks with Himmelblau functions

task param. (3,3) task param. (3,14) task param. (7,11) task param. (13,5)

Example: Tensor train for global optimization
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Ergodic control: Spectral multiscale coverage problem
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Exploring
=

Tracking in the 
frequency domain

Input:  Spatial distribution
Output:  Control commands

Aim: Matching Fourier series coefficients

fixed weights



Ergodic control for insertion tasks
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Demonstration of insertion pose variations 
to provide a spatial reference distribution

Insertion task (Siemens gears benchmark)

Vs

Point tracking Distribution tracking

Ergodic control as search behavior The Fourier basis functions expansion does 
not scale well for more than 3 dimensions:
→ low-rank tensor factorization is required
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Tensor methods - Softwares

https://tensornetwork.org 
http://tensorly.org (Python)
https://www.tensorlab.net (Matlab)


