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Abstract

This article presents an overview of geometric approaches to facilitate

the acquisition and transfer of robot skills. It focuses on three comple-

mentary geometric frameworks: signed distance fields, geometric alge-

bra and Riemannian geometry, which provide representations facilitat-

ing learning, planning, control and optimization problems in robotics.

The first consists of representing shapes in an implicit manner through

the use of a distance function, where different approaches can be used

to encode and learn this function. The second, geometric algebra, is

linked to Clifford algebra and allows basic geometric primitives to be

treated in a unified manner, including 6D poses, planes, lines, circles,

and spheres, which can represent various forms of constraints in robot

applications. The third leverages the use of Riemannian manifolds to

extend models and algorithms originally developed for standard Eu-

clidean data to curved spaces. These manifolds can represent a variety

of geometric objects in robotics, not only for structured objects such

as spheres, matrices and subspaces, but also for more generic smooth

manifolds described by a Riemannian metric to measure distances. The

article discusses the distinctions and connections between these geomet-

ric approaches and shows how they can contribute to various problems

in robotics, with a focus on manipulation tasks.
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1. INTRODUCTION

Despite significant advances in AI, robots still struggle with tasks involving physical inter-

action. Robots can easily beat humans at board games such as chess or Go but are mostly

incapable of skillfully moving the game pieces by themselves—the part of the task that

humans subconsciously succeed in. Learning and transferring manipulation skills is hard

because the movement behaviors that the robots need to acquire are tightly connected to

our physical world and to embodied forms of intelligence.

Acquiring manipulation tasks encompasses a wide range of learning techniques, from

foundational models with large-scale datasets (1, 2, 3) to model-based optimization and

frugal learning techniques that rely on a handful of demonstrations or exploration trials (4).

Despite the difference in scale, these models can benefit from a clever use of the underlying

model and algorithmic structures. Different terms are used in the literature to refer to such

guidance, including prior knowledge, inductive biases, models, and representations. The

research challenge is to design these representations without limiting the generalization,

adaptation and processing speed capabilities of the system.

This article focuses on geometric priors, which can be viewed as a subset of physics-

informed models. It also concentrates principally on manipulation skills, providing an

overview of geometric representations and associated learning approaches to help robots

acquire skills by imitation and self-refinement.

2. REPRESENTATIONS OF SHAPES

Geometry is a branch of mathematics concerned with properties of space such as shapes,

distances, sizes, relative locations, symmetries and projections. The most fundamental ob-

jects for building geometry include points, lines, planes, curves and surfaces such as spheres.

Several approaches can be used to describe more complex objects, including meshes, point

clouds, occupancy grids, and compositions using shape primitives (see Figure 1).

Meshes are typically used as models of the robot and in situations where the objects,

tools or elements of the surrounding environments are known and can be provided explicitly
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(a) Mesh (b) Point cloud (c) Occupancy (d) Primitives (e) Distance field

Figure 1: Diverse representations of shapes used in robotics applications.

in this format (e.g., from CAD models). Point clouds are typically used when depth cameras

or laser sensors are used to model the robot’s surroundings. Meshes and point clouds

differ mainly in the connectivity information between the points, which is absent in point

clouds. As an alternative, a 2D or 3D occupancy grid can also be used as a set of regularly

organized voxels to determine the presence or absence of an object at each voxel location.

This representation is often used with mobile robots by defining the 2D or 3D grid in a

moving local region in front of the robot. This information is also often compressed by

relying on quadtree/octree representations (5).

The combination of shape primitives is another useful representation that is often very

efficient computationally when the application allows object shapes to be coarsely repre-

sented as a composition of geometric primitives such as spheres, boxes or capsules (6). This

is, for example, the case for obstacle avoidance, where the volume of the primitives can be

deliberately increased so that the composition defines a virtual barrier function that should

not be entered. It is also the case for the manipulation of objects that are deformable

and/or whose 6D pose is hard to estimate, meaning that the inaccuracy of approximating

the shape with a limited set of primitives has limited impact on the overall task. Shape

primitives can also be used to model subparts of the objects (e.g., to represent the local

contacts with the object surfaces in a grasping task). While the use of shape primitives is

appealing from a computation perspective, the hard problem is to automate the modeling

of this composition, which requires a system to estimate how many primitives are required,

which primitives to use and where these primitive should be placed (6D poses and scal-

ing factors). Moreover, while the composition of shape primitives is often additive, other

Boolean operations can also be considered (e.g. by modeling a volume as the intersection or

subtraction of two shape primitives), which increases the representation capability (expres-

siveness) but also increases the difficulty for automatic shape approximation. In Figure

1d, the shape is approximated by an additive composition of capsules, a sphere, and a box.

In contrast to the representations described above, shapes can also be implicitly rep-

resented by a distance function, which is discussed in the next section. The general idea

is to describe the shape as a function that takes 3D coordinates as input and provides a

scalar value as output, describing the distance to the shape (or other geometric objects),

see Figure 1e. This distance can optionally be signed to distinguish between points inside

and outside a closed shape.

3. DISTANCE FIELDS

The use of implicit shape representations based on distances is widespread in computer

graphics and robotics to represent objects. It is defined as a distance function d = f(x)
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representing a distance field, which typically takes as input the 3D coordinates x of a point

and returns a scalar distance d, which corresponds to the distance between x and the closest

point on the surface of the object. The ensemble of points returning the same value is called

a level set, where the zero level set correspond to the surface of the modeled object.

In computer graphics, the concept of assigning a distance value to the pixels of an image

can be traced back to the 1960s (7) and was later extended to implicit surface modeling

(8) and robotics (9). For computer graphics applications, the distance function is used

principally for rendering, with the main goal of visualizing the zero level set of the function

within the entire scene (namely, by displaying the whole set of points at distance zero

forming the surface to be rendered).

In robotics, the goals are often different and more varied. For manipulation, we can, for

example, be interested in calling the distance function for a subset of points, such as testing

whether the end effector of the robot is inside an object or far from an obstacle. Often,

fewer points need to be tested, often iteratively as the robot moves, without having to

render the whole scene, and without caring specifically about zero level sets. For example,

an impedance controller can be designed by setting a negative level set as the virtual distance

target to reach, effectively resulting in a compliant controller that will make the robot apply

a constant pressure along the surface (10). The resulting behavior can be interpreted as a

virtual spring where one attachment point is on the robot gripper and the other can slide

on the surface of a negative level set (i.e., at a given distance inside of the object), so that

the virtual spring produces a given force when the gripper is in contact with the surface of

the object. The distance field can similarly be used to generate virtual guides in control

and teleoperation applications, such as moving while maintaining contact with the surface,

staying a desired distance from the surface, or staying within a desired distance range from

the surface.

Since many learning, control, planning and estimation problems in robotics are based

on cost functions measuring distances, it is not surprising that the use of a distance field as

an underlying geometric representation of shapes has been widely adopted by the robotics

community. Distance fields have consequently been used in applications such as motion

planning (11), collision avoidance (12), reactive control (13, 14), manipulation (15), grasping

(16), and mapping and odometry (17). The implicit representation of shapes as a distance

function also provides easy mathematical operations, such as changes of coordinate systems

and Boolean compositions (union, subtraction, etc.) based on min and max operators (18).

A signed distance field (SDF) can be estimated from CAD models or from contour

points extracted by vision. In both cases, the vertices form a limited set of data as they

only correspond to the zero level set of the SDF. To cope with this limited set, eikonal

and tension terms can be added in the cost function as prior knowledge (19, 20, 21). The

eikonal equation ∥∇f∥ = 1 is based on the gradient of the distance function f . It constrains

the norm of the gradient to be 1, which intuitively means that at a given point at some

distance to the shape, if we move a bit away from the shape, we expect the distance to

increase by the same amount. Similarly, the SDF can be built by a diffusion process based

on Laplace–Beltrami operators, which is compatible with various geometric representations

(22, 23, 24).

4 Sylvain Calinon



Figure 2: Signed distance field (SDF) constructed from analytic basis functions. Left: Concatena-
tion of 6 cubic Bézier curves with 1D inputs (time variable t). ϕ(t) is a row vector containing the
basis functions evaluated at time t. If w is a vector containing the superposition weights, the signal
is constructed as x(t) = ϕ(t)w. Center: Concatenation of 5×5 cubic Bézier curves with 2D inputs.
Several equidistant contours are displayed as closed paths, with the one corresponding to the object
contour (distance zero) represented in blue. Encoding each dimension with basis functions defined
by ϕ(ti) allows the signal x(t) (i.e., the distance function) to be constructed as x(t) = Ψ(t)w,
with Ψ(t) = ϕ(t1) ⊗ ϕ(t2), where ⊗ is the Kronecker product. Right: Concatenation of 5×5×5
cubic Bézier curves with 3D inputs. Several isosurfaces are displayed as 3D shapes, with the one
corresponding to the object surface (distance zero) represented in blue. Each cubic Bézier curve
corresponds to the superposition of four Bernstein basis functions, with superposition weights act-
ing as control points (displayed as black points in the 1D example), and constraints on the control
points ensuring continuity.

3.1. Modeling approaches for signed distance fields

Several encoding strategies have been proposed to model the distance functions, which are

described in this section.

3.1.1. Grid-based encoding of signed distance fields. A first approach is to consider a dis-

cretization of the space, similarly to the occupancy grid in Figure 1c, with each voxel

encoding a distance value instead of a binary value. As with occupancy grids, the distance

information can be compressed. Several approaches have been proposed, including voxel

hashing (25, 12) and tensor decomposition (26). The first category typically involves trun-

cating the SDF around the surface of the shapes to encode (where the SDF is then called a

truncated SFD), so that the majority of data stored in the regular voxel grid can be marked

as free or unobserved space. This truncation satisfies applications in which we only care

about distances in close proximity to the shapes (such as obstacle avoidance), but it can be

limiting in situations that require estimating distances in the whole space (such as reaching

tasks).

3.1.2. Polynomial encoding of signed distance fields. Another approach consists of approx-

imating the distance function as a polynomial function that instead takes a position variable

and outputs a scalar distance value (27, 20). Instead of specifying a high-order polynomial

function, the encoding most often relies on piecewise polynomial functions, where the de-

sired degree of continuity can be easily specified.

One advantage of such an analytic expression is that the derivatives can also be com-

puted analytically, which can be very useful for control and planning (20). Indeed, the

first-order derivative (gradient) provides the direction vector to move closer to or away

from objects, which can also be used to orient the robot end effector to be locally aligned

with the surface of the object (e.g., to drill a hole perpendicular to the surface). The
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second-order derivative provides a Hessian matrix that can be used directly in Newton’s

optimization methods.

Several choices of polynomial exist. For trajectories (characterized by 1D time input

and multivariate outputs), this choice includes, for example, Bézier curves (Bernstein poly-

nomials) or B-splines, which can be formally described as a weighted superposition of basis

functions specified by a constrained matrix. Figure 2 shows an example with Bernstein

basis functions.

3.1.3. Gaussian process encoding of signed distance fields. Gaussian process implicit sur-

face (GPIS) is a regression technique that was originally proposed in the field of computer

graphics to model shapes in a probabilistic manner (28). The implicit surface is built from

a set of data points annotated with the values 0, 1, or −1 to define whether each point is on

the border, inside the shape, or outside the shape, respectively (or alternatively, with sur-

face normals associated with points on the contour). The model can then be used to solve

a Gaussian process regression problem, by estimating the proximity of a new given point

to the surface of the shape, together with a measure of uncertainty about this proximity

that can be exploited for robust planning/control (29) and active learning (30). Note that

this estimate provides a proximity information rather than a real distance, since it takes

into account that in GPIS, the training points are typically given as 0, 1 and −1 rather

than as real distances. Reformulations of GPIS have been proposed to provide more faithful

Euclidean distance fields, such as considering a log-Gaussian process in the computation

(17).

Similarly to polynomial encoding, GPIS can be exploited to analytically estimate the

direction to move toward or away from the surface (31, 32). In addition, the Gaussian

process can be exploited to define prior information about the shape, which is useful when

only few points are available to model the shape or when data points representing a portion

of the shape are missing (33). GPIS has been employed in various robot applications,

including grasp control (31, 32), grasp planning (29), navigation (17), object detection,

and terrain classification (30). Similar regression approaches have also been used, such as

support vector regression, for polishing and bimanual lifting tasks (34).

GPIS can be extended in various ways by exploiting the underlying Gaussian process.

For example, the distance matrix, at the core of the process, can be factorized as an eigen-

decomposition (35), which can be exploited to sort shape information with an increasing

amount of detail.

3.1.4. Neural Network encoding of signed distance fields. A large body of work has ex-

plored the use of neural networks as distance function approximators. Applications include

learning shapes (36), reactive motion generation, whole-body control, and safe human–robot

interaction in shared workspaces (14), manipulation planning by modeling pair collisions

between objects (15), reactive control for manipulation (13), joint grasp and motion plan-

ning (16), manipulation using contact points on the whole body of the robot (21), and

manipulation planning in the configuration space (37).

In comparison with the other encoding schemes presented above, the advantages of the

neural network approximation concern the inference speed (which allows fast evaluation of

distances) as well as the larger number of input variables that can be considered in the

network (which enables many possible extensions, some of which are discussed in the next

section).
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3.2. Extensions of Distance Functions Beyond 3D Object Shape Modeling

Figure 3: (a) Learning and control with an implicit shape representation of the surrounding
environment, formulated as a signed distance function (SDF), depicted as pink level sets. (b)
Distance field modeled on the surface of an object instead of a standard Euclidean space, used
to measure the distance and geodesic paths between two points on the surface of the object. (c)
Extension to a vector field. (d) Extension to a multivector field (a geometric algebra object),
exploited to define a smoothly varying reference frame depicted as a coordinate system with three
basis vectors (for details, see (38)).

Representing shapes in the form of a distance function facilitates the Boolean compo-

sition of multiple shapes by using simple min or max operators. Combining this property

with an explicit rotation and translation transform at the level of the inputs allows an

articulated chain to be easily presented as an SDF, with an automatic adaptation to the

joint angle configuration (21). This can be used to model robot or human bodies as well as

articulated objects or furniture (doors, windows, drawers, etc.). Moreover, neural networks

can go beyond 3D shape modeling by considering distance fields in configuration spaces of

higher dimensions, such as joint angle state spaces (13, 37), which bring a representation

with tight links to planning and control problems acting directly in the robot configuration

space. Koptev et al. (13) exploited this approach to enable fast reactions to perturbations

in a manipulation task, and Li et al. (37) used it for rapid computation of whole-body

manipulation skills, demonstrated in bimanual lifting of bulky objects and in interception

behaviors (for a robotic goalkeeper).

Distance fields can also be used with open surfaces (39) and curves (40). In this case,

the distance field takes an unsigned form (called an unsigned distance field). In robotics,

open surfaces can, for example, represent clothes, textiles; or flat, flexible objects. Curves

can, for example, represent motion trajectories, the shape of entangled cables, or the pose

of a continuum robot.

Another extension consists of specifying a subset of points for the robotic task to achieve

and implicitly modeling the state of the system or the movement to perform this task as

pairwise distances (41, 42). This relative distance space aims to capture the important

relations between the points of interest, which can, for example, correspond to the different

articulations of the robot or to multiple objects used in the task. Similarly to using kernel

functions in GPIS, this implicit representation defines distance matrices that can be pro-

cessed to extract the principal relations between the points or to compress the information

to extract the most invariant relationships.

It is also possible to go beyond scalar Euclidean distances by relying on a similar com-

putation pipeline to extend the notion of distance to other manifolds, and/or to transport

information other than distances in the diffusion process. Figure 3 illustrates how the
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computation of a distance field by diffusion (through a Laplace–Beltrami operator) can be

extended to the diffusion on other manifolds and for other sources of information, including

vectors and more elaborated descriptors (quaternions, multivectors in geometric algebra,

orientation matrices, or ellipsoids) (38).

Similarly, models such as neural radiance fields (NeRFs) (43) and Gaussian splatting

(44) replace the distance information by jointly encoding volume density and color, offering

another alternative in robotics for compact and continuous representations for shapes and

scenes (45).

4. GEOMETRIC ALGEBRA

Figure 4: (a) Geometric algebra (GA) encodes geometric primitives in a uniform manner, including
points, end-effector poses, lines, planes, circles or spheres, as well as the associated transformations
u (called motors, shown in red) to move from an initial state x0 to a desired state xd (shown in
green). These geometric objects can be used to define constraints (e.g., staying on the surface of
a sphere corresponds to the constraint of maintaining a given distance to the center). In practice,
this means that the same function u = f(x0,xd) is used for these different geometric objects,
which is useful in various manipulation contexts, such as the coordination of multiple end effectors,
manipulation with contacts along the whole robot body, and human–robot collaboration. (b) GA
can also be employed for bimanual skills (46), by providing a geometric representation for various
forms of coordination (here, with two robot manipulators mounted on a table). The initial robot
poses are depicted in white and the final poses are in gray. (c) In addition to classical geometric
objects, GA can also be used to define point pairs, which is useful in the context of bimanual hands
to automatically determine which hand is most appropriate to use in a manipulation task. Indeed,
the use of point-pair primitives enables automatic decision-making on which arm should reach for
a target without requiring the use of conditional statements (46).

Another candidate to efficiently handle geometric structures in robotics is the framework

of geometric algebra (GA), whose roots can be found in Clifford algebra, which can

be seen as a fusion of quaternion and Grassmann algebras. The problem of representing

rotations in 3D was studied by several mathematicians in the nineteenth century, with

Hamilton developing his quaternion algebra and Grassmann developing an algebra based

on outer products, which later in the century was extended by Clifford, who combined

aspects of both within a single structure, effectively combining the advantages of both

quaternions and vector geometry. These results were largely hindered by quaternion algebra

for interesting historical reasons that are discussed in (47).

The seminal work of Hestenes and colleagues (48, 49) introduced the modernization

of Clifford algebra that was later termed geometric algebra. As an entry point to the

field, Lasenby et al. (47) provides a general introduction to GA, as well as a historical

perspective. A wider survey of GA in engineering applications is also provided in (50).

Examples of applications in robotics are detailed in (51).
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GA unifies multiple frameworks popular in robotics, such as screw theory, Lie algebra

or dual quaternions, while offering excellent possibilities for generalization and extension.

GA is part of an increasing prominence of geometric methods in robotics, by integrating

geometric primitives (e.g. points, lines, and planes) and transformations (e.g. rotations

and translations) into a single, high-level mathematical language for geometric reasoning.

In robotics, this representation is thus an interesting candidate to provide a single algebra

for geometric reasoning, alleviating the need to use multiple algebras to express geometric

relations.

4.1. Motivation

This section aims to motivate the use of GA by providing a brief conceptual overview and

informal guidance on its usage. More formal and practical guides to the use of GA in

robotics are available in (52, 53).

For practitioners in robotics, the easiest way to motivate the use of GA is to start from

the widely adopted representation of orientation as a unit quaternion. While a quaternion

can commonly be stored on the computer as four variables, it is mathematically a num-

ber, similar to a complex number with a real and imaginary part stored as two variables.

Quaternions come with an algebra as a set of operations and transformation rules. It is

common in robotics to represent the orientation of a mobile robot or the end effector of a

robot as a unit quaternion, so that the vector formed by the four variables has a unit norm.

Measuring distances between unit quaternions, or computing the actions to move from one

unit quaternion to another, requires the associated quaternion algebra, which explains why

these operations are typically coded differently for the 3D Cartesian position of the robot

(using standard linear algebra) and its orientation. With some shortcuts, a unit quaternion

can be geometrically interpreted as a point on a sphere in a 4D space. This interpretation

ignores the double coverage property of the quaternion used to represent orientation, with

q and −q representing the same orientation.

Similarly to quaternions, geometric algebra comes with geometric objects and an associ-

ated algebra to make operations on these objects. Before we examine this further, the dual

quaternion is another relevant intermediary representation to introduce. Dual quaternions

naturally arose in robotics, stemming from the same motivation of avoiding the use of differ-

ent rules and algebras for translation and orientation information (54, 55, 56). Since most

robotics applications require considering both position and orientation as a state space (e.g.,

the 6D pose of a robot gripper), the use of dual quaternions efficiently homogenizes com-

putation by removing the need to compute operations with different algebras and convert

geometric objects from one algebra to another.

While it is common in practice to store a unit quaternion as four variables, only three

parameters are truly independent. Similarly, a dual quaternion stores the pose information

as eight variables, where only six parameters are independent. The robotics applications of

GA that we will describe next instead use objects stored with 32 variables. In the same way

as dual quaternions can encode more elaborate objects than unit quaternions, GA extends

this modeling capability one step further by also allowing lines, planes, circles and spheres

to be encoded by following a similar principle.

Interestingly, GA does not require the notion of imaginary numbers in its development.

While the theory may appear unfamiliar at first sight, its underlying concepts are actually

simpler and more intuitive than the use of quaternions as an extension of complex numbers.
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GA is based on a multiplication operation called the geometric product, composed of an

inner product and an outer product. The latter describes an oriented plane/volume that

extends and generalizes the cross product (which is restricted to only three dimensions).

The resulting elements are called multivectors. Figure 4 illustrates how this represen-

tation can be used to encode geometric primitives in a uniform manner (e.g., as points,

poses, lines, planes or spheres, depicted in green), as well as the associated transformations

u (called motors, depicted in red) to move from an initial state x0 to a desired state xd.

Similarly to dual quaternions, operations on these objects can be treated in the same way,

without requiring us to switch between different algebras. In the depicted example, the

practical result is that the interpolation function u = f(x0,xd) is coded only once and au-

tomatically generalizes to all geometric objects represented in the figure. These geometric

operations yield compact codes and can be computed quickly (52).

Several variants of GA can be formulated, requiring different numbers of dimensions, by

offering the opportunity to treat different categories of geometric problems while keeping

the same base formulation. Using a conformal geometric algebra (CGA) representation

enables data to be stored in a vector of 32 dimensions, which allows us to describe a rich

variety of geometric objects, including constraints specified as spheres, circles, planes, lines

or segments.

As a crude illustration, we can think first of the way we represent the position of

data points in a Cartesian space as a 3D vector. If we set some of these entries to zero

in the vector, then we can represent points in specific 2D planes of the 3D space (e.g,

by representing a planar path in x–y and ignoring the z axis). In analogy to this 3D

Cartesian vector, the non-zero values in this 32D vector determine which geometric object

it represents. Interestingly, both states and actions use the same formulation, providing a

generic and homogeneous formulation for various robotics problems (kinematic and dynamic

control, learning, optimization, and planning).

In contrast to quaternion algebra whose theory relies on a generalization of complex

numbers (the imaginary i, j, and k components of the quaternion), the theory behind ge-

ometric algebra relies on a simpler principle that uses basis vectors as a starting point to

describe different directions, which are combined with the notion of inner and outer prod-

ucts. In standard linear algebra, the inner/dot product of two vectors gives a scalar, while

the outer product of two vectors typically takes the form of a cross product for 3D vectors,

which results in another 3D vector whose length is proportional to the surface swiped by

the two vectors (in the plane formed by these two vectors). In geometric algebra, the notion

of an outer product is generalized to any dimension. First, the result is not expressed as

a vector: An oriented surface is instead defined so that the ordering of the two vectors

matters. Then, multiple consecutive outer products can be defined (e.g., representing an

oriented volume for the outer product of three vectors). This composition of the original

basis vectors allows the formation of a higher-dimension space in which many different

geometric objects can be defined in a uniform manner.

4.2. Mathematical overview

The geometric product ab = a · b + a ∧ b is composed of an inner product a · b and an

outer product a∧ b between two vectors a and b. Grassmann’s outer product a∧ b defines

a new quantity called the bivector, representing the area swept by the two vectors as a

directed/signed quantity that depends on the ordering (namely, a ∧ b = −b ∧ a), thus
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encoding the notion of an oriented plane. By extension, a trivector a ∧ b ∧ c defines an

oriented volume, and similarly for higher dimensions.

a ·b and a∧b thus carry different quantities, which are gathered as a geometric product

ab, in the same way that a complex number carries a real and an imaginary component

that are gathered as a complex number, where the notation x + y i does not mean that x

can be added to y i as a standard operation with real numbers. Similarly a ·b+a∧b defines

a geometric product, but the inner and outer products carry different quantities.

This linear combination of objects of any type (scalar, bivector, trivector, etc.) is

generically called a multivector, which allows the representation of a wide range of concepts

and quantities in physics and engineering. As a means of introducing GA, a famous example

is the one from the field of fluid dynamics showing that with a multivector representation,

all four of Maxwell’s equations are reduced to a single equation in the language of geometric

algebra (57).

4.2.1. Rotation operations. For unit vectors a and b, we can first notice that if a and b

are the same vector, then ab = 1. We can also observe that if a and b are perpendicular,

then the expression simplifies to ab = a ∧ b. Since a ∧ b = −b ∧ a, we can also observe

in this case that ab = −ba and that (ab)(ab) = a(ba)b = −a(ab)b = −(aa)(bb) = −1,
which can be summarized as the squared expression (ab)2 = −1, which is reminiscent of

the expressions we know for complex numbers and quaternion algebra with the imaginary

unit (i.e. i2 = −1) but was here derived very simply with two orthonormal vectors, without

any notion of imaginary units.

When applied to a set of basis vectors {e1, e2, . . . , en}, the geometric product then

yields

eiej =

{
1 for i = j,

ei ∧ ej for i ̸= j.

The set of basis elements {e1, e2, . . . , en} can be expanded to a basis of Gn that contains:

scalar: 1

vectors: e1, . . . , en

bivectors: {ei ∧ ej}, ∀i, j, i ̸=j

trivectors: {ei ∧ ej ∧ ek}, ∀i, j, k, i ̸=j ̸=k

.

..

n-blade: e1 ∧ · · · ∧ en (pseudoscalar In)

For R3, if we use the notation eij = ei ∧ ej , then the geometric algebra G3 has the

following basis: {1, e1, e2, e3, e12, e13, e23, I3}, where the bivectors play an important role

as they can be used to describe spatial rotations (called motors or rotors).

Indeed, we can see this by using as multivector a linear combination of a scalar and a

bivector component r = exp( θ
2
e21) = cos( θ

2
)− sin( θ

2
) e12, together with the corresponding

complement r̃ = exp( θ
2
e12) = cos( θ

2
) + sin( θ

2
) e12. With this pair of multivectors, the

operation v′ = rvr̃ will rotate the vector v = v1e1 + v2e2 by an angle θ in the plane

described by e12, which can be calculated as

rvr̃ =
(
cos( θ

2
) − sin( θ

2
) e12

) (
v1e1 + v2e2

) (
cos( θ

2
) + sin( θ

2
) e12

)
=

(
v1 cos(θ)− v2 sin(θ)

)
e1 +

(
v1 sin(θ) + v2 cos(θ)

)
e2
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whose second row was worked out by observing that e12e1=e1e2e1=−e2e1e1=−e2, that

e12e2= e1e2e2 = e1, and by using the trigonometry relations sin(θ) = 2 sin( θ
2
) cos( θ

2
) and

cos(θ) = cos( θ
2
)2 − sin( θ

2
)2.

For θ = π
2
, the above result, for example, gives the resulting vector v′ = −v2e1+v1e2 =[−v2

v1

]
. By replacing e12 with any other plane defined as a bivector, we can apply any other

desired rotation in space. Interestingly, other geometric objects (not only vectors) can also

be rotated with this operation. In the above equation, one might also recognize that the

sandwich product rvr̃ that we used has a similar corresponding operation in quaternion

algebra.

4.2.2. Conformal geometric algebra (CGA). Translations can also be described by rotors

in the conformal geometric algebra (CGA), a five-dimensional representation of the three-

dimensional Euclidean space. To do so, the conformal model extends the real vector space

R3 by adding two extra basis vectors, e and ē, with the properties e2 = 1 and ē2 = −1.
This enlarged vector space is usually denoted by R4,1.

In addition, these two extra vectors allow us to define two null vectors n∞ = ē+ e and

n0 = ē− e, where n∞ is associated with the point at infinity and n0 with the origin.

The conformal geometric algebra of R3 is denoted by G4,1 and can be seen as a geometric

algebra of higher dimension (specifically, the geometric algebra of R4,1). In addition to the

translation operations, other general geometric entities (points, lines, planes, circles, etc.)

and the relations between them can also easily be described in CGA. The construction of

these objects has an intuitive interpretation: They are built from a set of control points

by simply using the outer product. For example, a circle is constructed with three points

passing through this circle. If one moves one of these three points to infinity, the radius of

this circle becomes infinite and the two other points effectively define a line. Similarly, a

sphere is constructed with four points on the surface of this sphere, and we can move one

of these points to infinity to define a plane (namely, a sphere of infinite radius). Operations

such as intersections or interpolations using these objects hold a similar intuitive geometric

reasoning.

CGA can also be extended to geometric algebra of higher dimensions. This could, for

example, be used in robotics to model quadric surfaces such as cylinders or ellipsoids (58).

4.3. Practical usage and applications

GA has recently attracted major attention in the computer graphics community, and

important efforts have been made to democratize and promote the field, such as the

https://bivector.net website. This renewal of interest has been more timid in robotics,

but a similar trend as in CG can easily be anticipated, since the benefit of GA in robotics

builds on the same core foundations as in computer graphics. Indeed, geometric algebra

can be used by a wide range of practitioners.

At a high-level geometric level, GA allows users to easily and intuitively define varied

geometric shapes by defining a set of points in space, where four point describe the surface

of a sphere, three points define a sphere, two points define a line, and so on. As illustrated

in Figure 4-left , functions can then be called or created, with the advantage that they will

be valid for this whole set of objects. For example, writing a code to compute intersections

will be the same if we want to compute the intersection between two spheres (giving a

circle), the intersection between two planes (giving a line), or the intersection of a sphere
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and a line (giving two points). Interestingly, the computation of intersections also handles

the case in which the two objects do not intersect, with a continuous representation that

can fluently switch between closest distances and intersections.

At an intermediate level, GA can be used to describe the position and orientation of a

robot gripper in a homogeneous manner, as well as the evolution of the whole kinematic

chain of a robot. The notion of forward and inverse kinematics can then be generalized to

a set of objects (rather than just points), see Figure 4-right .

At a more advanced level, GA can be extended to dynamics. The framework additionally

offers many possible extensions for more expert users, including other variants of the GA

model family, such as projective geometric algebra (PGA), as well as higher-dimensional

versions of CGA to represent quadric surfaces and ellipses, or for use in multiarm scenarios

(i.e., beyond bimanual robots).

As a starting point for testing and developing robotics applications based on CGA, an

open source software library called GAFRO, which specifically targets robotics, is available

at https://gitlab.com/gafro. It includes codes in C++ and Python, integrated into the

ROS framework, together with an accompanying tutorial article (53).

The applications of GA in robotics are diverse, ranging from robot vision (59) to medical

robotics (60), multicopters (61), and parallel robotics (62), see also (51) for a collection of

applications.

For robot manipulators as serial kinematic chains, GA brings a geometric perspective to

inverse kinematics (63). Moreover, it brings new perspectives to the modeling of cost func-

tions in optimal control problems, allowing control and planning problems to be formulated

uniformly across different geometric primitives, leading to a low symbolic complexity of the

resulting expressions and a geometric intuitiveness (52). It can also be employed for dual

arm manipulation to model various relative and absolute geometric constraints required for

handling tasks involving two robot end effectors (46) (see Figure 4b).

GA also provides a robust way to measure distances to singularities (64). Indeed, the

homogeneous treatment of position and orientation of a rigid body in space, provided by

motors/rotors in GA, sheds new light on singularity identification in arbitrary serial robots

(both redundant and non-redundant). This is achieved by modeling the twists defined by

the joint axes of the robot, effectively avoiding the computation of Jacobian determinants,

and providing distance measures to avoid singular configurations.

Dynamic extensions are also possible by extending the kinematic definition to measures

of momenta and inertia, where the equations of motion for a rigid body can be derived by

differentiating the momentum of the body (65). CGA can also be applied to the recursive

forward dynamics computation of serial kinematic chains (66), providing a coordinate-

free view of the algorithm and a geometrically meaningful interpretation of the involved

quantities. This is achieved by extending the Lagrangian dynamics of a serial manipulator

to include an inertia tensor, which can subsequently be used in inverse dynamics control

schemes.

GA can also be used for force–motion control in contact with curved surface (24),

allowing multiple task prioritization with no need to account for coordinate frames, which

would be the case with traditional methods. Here, geometric algebra provides an intuitive

way to represent a line corresponding to the surface orientation at a given position. The

robot then tracks this line while being free to move along it, which lets it stay in contact with

the target surface, by simultaneously exerting a desired force along that line. Accordingly,

the force and the line controller can simultaneously be active, without having conflicting
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Figure 5: Top: Principles of Riemannian geometry relevant for applications in robotics, depicted
here on a S2 manifold embedded in R3. (a) Bidirectional mappings between tangent space and
manifold. (b) Parallel transport of a vector along a geodesic. The gray rectangles show the co-
ordinate systems of several tangent spaces along the geodesic. The black vectors represent the
directions of the geodesic in the tangent spaces. The blue vectors are transported from g to h. (c)
Computing the center and spread of data points on a manifold computed as a Riemannian Gaussian
distribution. Bottom: Examples of Riemannian manifolds relevant for robotics, see (67) for details.
The data points (black dots/planes) are segmented into two classes, each represented by a center
(red and blue dots/planes). The geodesics depicted show the specificities of each manifold.

objectives to be handled.

5. RIEMANNIAN MANIFOLDS

Riemannian geometry is another relevant framework for robotics. It provides a princi-

pled and simple way to extend algorithms initially developed for Euclidean data to other

curved spaces (manifolds), by exploiting their local resemblance to Euclidean spaces and

by efficiently taking into account prior geometric knowledge about these manifolds (68).

As a first illustration of Riemannian manifolds, we can observe that the shortest trajec-

tory of a flight connecting two cities in the world will be a curved path on a sphere. Because

of the geometry of the sphere, when the two cities are distant, this curved geodesic path will

not have the same length as the Euclidean distance joining the two cities with a straight

line (i.e., with a path inside the earth). For shorter distances (e.g., distances between two

houses in the same city), the Euclidean distance remains a convenient approximation. More

rigorously, this approximation can be constructed in Riemannian geometry by defining a

tangent space at one of the points, which is tangent to the manifold, and mapping the other

point of the manifold in this tangent space, so that the distance between the two points (as

a straight line) is the same as the length of the curved geodesic path (see Figure 5a).

This tangent space is Euclidean, which allows standard vector and distance operations

to be considered. Similarly, the shortest route between two points on a mountain needs to

take into account the curved landscape, resulting in possibly elaborate curved paths. If we
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assume that the change of terrain is smooth enough, Riemannian geometry can also be used

to formalize this route-finding problem as a geodesic path computation. In this case, the use

of tangent spaces is even more localized since the curvature can change quickly, requiring

a wise use of tangent spaces computed at different points on the manifold. In these two

simple examples, the tangent space takes the form of a plane that touches the manifold at a

given point, but tangent spaces can also be other geometric spaces when considering other

types of manifolds.

The approach of locally representing the manifold as a tangent space can at first sight

resemble the other common operation in optimization and optimal control, which consists

of approximating a function with a Taylor series. Indeed, both methods establish represen-

tations that are simpler than the original function/manifold by approximating the shape of

the original function/manifold at specific points (in a linear form for Riemannian manifolds,

and as power series for Taylor expansions). They also both typically come with associated

algorithms (e.g. cost minimization) that most often need the process to re-approximate

the function at consecutively computed points. Despite this analogy, the key difference is

that the tangent spaces in Riemannian geometry locally mimic the manifold’s structure, by

continuously connecting the different tangent spaces on the manifold. In other words, it “re-

members” the manifold’s local linearity. The geometric version thus comes with additional

perspectives and geometric objects compared with the Taylor expansion that algebraically

approximates the function using its derivatives.

There are also tight connections between Riemannian manifolds and Lie groups (69).

While Riemannian manifolds target a wider diversity of geometries, Lie groups are inher-

ently more structured because they combine both a manifold structure (smoothness) and

a group structure (providing multiplication and inverse operations), which is typically ex-

ploited in robotics to handle 3D orientation and 6D full pose data encoding both position

and orientation.

The most common use of Riemannian manifolds in robotics is for orientation tracking,

which requires computing the distance between two orientations and executing the cor-

responding actions to reduce this distance. Encoding the current orientation and target

orientation as unit quaternions allows the distance and action to be computed using a log-

arithmic map function that takes into account the shape of the manifold on which unit

quaternions are located (70).

More generally, Riemannian manifolds can be connected to a wide range of problems in

robotics, including learning and optimization problems that rely on distances and Gaussian

distributions, which thus also requires uncertainty and statistical models to be extended to

non-Euclidean data. This is relevant since data in robotics consist of values that are often

constrained in a way that adheres to a particular geometry. Riemannian manifolds therefore

allow data of various forms to be treated in a unified manner, which has the advantage that

existing models and algorithms initially developed for Euclidean data can be extended to a

wider range of data structures, by efficiently taking into account prior geometric knowledge

about these manifolds. They can, for example, be used to revisit constrained optimization

problems formulated in Euclidean space, treating such problems as unconstrained, while

inherently taking into account the geometry of the data.
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5.1. Mathematical overview

A d-dimensional Riemannian manifold M is a mathematical space, a smooth manifold,

equipped with a Riemannian metric, which is used to measure distances, angles, and other

geometric properties on the manifold. This manifold locally behaves like the Euclidean

space Rd, meaning that if we zoom in close enough to any point on this manifold, it would

look like a flat standard Euclidean space. If we are close enough, we cannot distinguish

between two manifolds, but if we zoom out, these manifolds can look very dissimilar and

have very different properties.

For example, if we are close enough, a point on a curve or circle will look like a line, and

the surface of an object or a sphere will look like a plane. In this latter example, the object

is in the 3D space that we live in, and the plane when we zoom in can be described with 2D

coordinates. Riemannian geometry can similarly consider objects that do not fit in our 3D

physical space and are thus harder to imagine or visualize, but the computation steps are

exactly the same. When developing algorithms using Riemannian manifolds, it can thus be

useful in practice to first test the algorithms with data that in a lower-dimension space that

can be easily visualized and analyzed within our 3D world, before extending the approach

to objects of higher dimensions (for examples of low-dimensional representations of various

manifolds, see Figure 5-bottom).

For each point p ∈ M, there exists a tangent space TpM that locally linearizes the

manifold. On a Riemannian manifold, the metric tensor induces a positive definite inner

product on each tangent space TpM, which allows vector lengths and angles between vec-

tors to be measured. The affine connection, computed from the metric, is a differential

operator that provides, among other functionalities, a way to compute geodesics and to

transport vectors on tangent spaces along any smooth curves on the manifold. It also fully

characterizes the intrinsic curvature and torsion of the manifold. The Cartesian product of

two Riemannian manifolds is also a Riemannian manifold (often called a manifold bundle or

manifold composite), which allows joint distributions to be constructed on any combination

of Riemannian manifolds (e.g., to combine position and orientation data).

For applications in robotics, at least three principles of Riemannian geometry need to

be considered, which are described next.

5.1.1. Geodesics. A geodesic is a curve that locally minimizes the distance between two

points on a manifold. In a standard Euclidean space, one way to describe a straight line

connecting two points (i.e., the shortest path between two points) is to think of it as a path

whose first derivative is constant and second derivative is zero. Similarly, on a Riemannian

manifold, the use of a geodesic equation to minimize the length or energy of a curve leads

to the result that the second derivative of the curve is minimized along the geodesic. There

is an intuitive analogy with the cartography problem of representing our spherical earth as

a planar map, which induces spatial distortions whose strengths will depend on the choice

of the central reference point (historically, Europe). On this planar map, the geodesic path

of a flight route between two points will typically look curved (see Figure 5a).

5.1.2. Mapping functions between manifold and tangent spaces. The exponential map

Expx0
: Tx0M → M maps a point u in the tangent space of x0 to a point x on the

manifold, so that x lies on the geodesic starting at x0 in the direction u. The norm of u is

equal to the geodesic distance between x0 and x. The inverse map is called the logarithmic

map Logx0
:M→ Tx0M. Figure 5a depicts these mapping functions.
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5.1.3. Parallel transport. Parallel transport Γg→h : TgM → ThM moves vectors between

tangent spaces such that the inner product between two vectors in a tangent space is

conserved. It employs the notion of connection, defining how to associate vectors between

infinitesimally close tangent spaces. This connection allows the smooth transport of a

vector from one tangent space to another by sliding it (with infinitesimal moves) along a

curve. Figure 5b illustrates this operation. Parallel transport allows a vector u in the

tangent space of g to be transported to the tangent space of h, by ensuring that the angle

(i.e., inner product) between u and the direction of the geodesic (represented as black

vectors) are conserved. At point g, this direction is expressed as Logg(h). This operation is

crucial to combine information available at g with information available at h, by taking into

account the rotation of the coordinate systems along the geodesic (see rectangles in gray).

In Euclidean space (top-left inset), the parallel transport is simply the identity operator

(a vector operation can be applied to any point without additional transformation). By

extension, a covariance matrix Σ can be transported with Σ∥ =
∑d

i=1 Γg→h(vi) Γ
⊤
g→h(vi),

using the eigendecomposition Σ =
∑d

i=1 vi v
⊤
i . For several manifolds in robotics, this

transport operation can equivalently be expressed as a linear mapping Σ∥ = Ag→hΣA⊤
g→h.

5.2. Homogeneous manifolds

The presence of structured geometric data in robotics has motivated researchers to ex-

plore which aspects of robotics may be represented by Riemannian manifolds. The most

common manifolds in robotics are homogeneous, where the geometry is uniform through-

out the space, with the same curvature at any point on the manifold (i.e., looking locally

the same at any point on the manifold), which provides simple analytic expressions for

exponential/logarithmic mapping and parallel transport (for a review, see (67)).

Figure 5-bottom shows four examples of homogeneous Riemannian manifolds that

can be useful in robotics, represented here as S2, S2
++, G3,2 and H2 manifolds. The sphere

manifold Sd is characterized by constant positive curvature. The elements of Sd
++ can be

represented as the interior of a convex cone embedded in its tangent space Symd. Here, the

three axes shown in the figure correspond to A11, A12 and A22 in the symmetric positive

definite (SPD) matrix
(
A11 A12
A12 A22

)
, where the points inside the cone are on the manifold,

with tangent spaces covering the entire space (inside and outside the code). Gd,p is the

Grassmann manifold of all p-dimensional subspaces of Rd. The hyperbolic manifold Hd

is characterized by constant negative curvature. Several representations exist: H2 can, for

example, be represented as the interior of a unit disk in Euclidean space, with the boundary

of the disk representing infinitely remote point (a Poincaré disk model, as depicted here).

In this model, geodesic paths are arcs of circles intersecting the boundary perpendicularly.

5.2.1. Sphere manifolds Sd. The sphere manifold Sd is the most widely used non-Euclidean

manifold in robotics, as it can encode direction and orientation information (71). Unit

quaternions S3 can be used to represent the orientations of end effectors (tool center points).

S2 can be used to represent a unit directional vector perpendicular to surfaces (e.g., for

contact planning). Infinite revolute joints can be represented on the torus S1×S1×. . .×S1.

The exponential and logarithmic maps corresponding to the distance

d(x,y) = arccos(x⊤y),
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with x,y ∈ Sd are computed as

y = Expx(u) = x cos(∥u∥) + u

∥u∥ sin(∥u∥),

u = Logx(y) = d(x,y)
y − x⊤y x

∥y − x⊤y x∥ .

The parallel transport of v ∈ TxSd to TySd is given by

Γx→y(v) = v − Logx(y)
⊤v

d(x,y)2

(
Logx(y) + Logy(x)

)
.

In some applications, it can be convenient to define the parallel transport with the

alternative equivalent form

Γx→y(v) = Ax→y v, with

Ax→y = −x sin(∥u∥)u⊤ + u cos(∥u∥)u⊤ + (I − uu⊤), u = Logx(y), and u =
u

∥u∥ ,

highlighting the linear structure of the operation.

Note that in the above representation, u and v are described as vectors with d + 1

elements contained in TxSd. An alternative representation consists of expressing u and v

as vectors of d elements in the coordinate system attached to TxSd.

5.2.2. Ellipsoids and symmetric positive definite matrices as Sd
++ manifolds. Symmetric

positive definite (SPD) matrices are also widely used in robotics. They can represent stiff-

ness, manipulability, inertia ellipsoids, or weighting matrices. They can also be used to

process sensory data in the form of spatial covariances. For example, the robot’s manipu-

lability capability in translation and rotation can be encoded as a manipulability ellipsoid

S6
++ (72). Manipulability ellipsoids can be exploited as descriptors to transfer movement

and manipulation skills between humans and robots, as well as between robot platforms

characterized by different kinematic chains (73).

For an affine-invariant distance between X,Y ∈ Sd
++

d(X,Y ) =
∥∥ log(X− 1

2Y X− 1
2 )
∥∥
F
,

the exponential and logarithmic maps on the SPD manifold can be computed as

Y = ExpX(U) = X
1
2 exp

(
X− 1

2UX− 1
2
)
X

1
2 ,

U = LogX(Y ) = X
1
2 log

(
X− 1

2Y X− 1
2
)
X

1
2 .

The parallel transport of V ∈ TXSd
++ to TY Sd

++ is given by

ΓX→Y (V ) = AX→Y V A⊤
X→Y , with AX→Y =

(
Y X−1) 1

2 .

5.2.3. Riemannian Gaussian distribution. Several approaches can be used to extend Gaus-

sian distributions to Riemannian manifolds. The simplest consists of estimating the mean

of the Gaussian as a centroid on the manifold (also called the Karcher/Fréchet mean), and

representing the dispersion of the data as a covariance matrix evaluated in the tangent space

of the mean (67, 74) (see Figure 5c). This is an approximation, because distortions arise
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when points are too far apart from the center. However, this distortion is negligible in most

robotics applications. In particular, this effect is strongly attenuated when the Gaussian

covers a small part of the manifold.

The Riemannian Gaussian representation on a manifoldM is defined as

NM(x|µ,Σ) =
(
(2π)d|Σ|

)− 1
2
e−

1
2
Logµ(x)⊤ Σ−1 Logµ(x),

where x∈M is a point of the manifold, µ∈M is the mean of the distribution (origin of

the tangent space), and Σ ∈ TµM is the covariance defined in this tangent space.

For a set of N data points, this geometric mean corresponds to the minimization

min
µ

N∑
n=1

Logµ(xn)
⊤ Logµ(xn),

which can be solved by a simple and fast Gauss–Newton iterative algorithm. The algorithm

starts from an initial estimate on the manifold and an associated tangent space. The data

points {xn}Nn=1 are projected in this tangent space to compute a direction vector, which

provides an updated estimate of the mean. This process is repeated by iterating

u =
1

N

N∑
n=1

Logµ(xn), µ← Expµ(u),

until convergence. In practice, for homogeneous manifolds with constant curvatures, this

iterative algorithm will converge very quickly, with only a couple of iterations.

After convergence, a covariance matrix is computed in the tangent space as Σ =
1

N−1

∑N
n=1 Logµ(xn) Logµ(xn)

⊤, see Figure 5c.

This distribution can, for example, be used in a control problem to represent a reference

to track with an associated required precision learned from a set of demonstrations. Impor-

tantly, this geometric mean can be directly extended to weighted distances, which is useful

for mixture modeling, fusion (product of Gaussians), regression (Gaussian conditioning)

and planning problems (67, 74).

Gaussians on Riemannian manifolds can also be exploited for automatic selection of

one or more manifolds by analyzing the variations in a list of candidate manifolds, which

can be used in robotics to extract which manifold(s) can best describe the skill or motion

based on invariant characteristics (75, 76). More generally, the combination of statistics and

Riemannian geometry in learning, control, and optimization applications offers many pos-

sible research extensions. A first observation if that in many robotics challenges, a common

factor is the need to handle (co)variations, statistics, and/or propagation of uncertainty.

In practice, algorithms that were initially developed for standard Euclidean data can be

easily transformed to extend their application to other Riemannian manifolds. Moreover, it

is straightforward to consider multiple manifolds simultaneously, with one part of the data

on one manifold and the other part on another manifold. This is interesting for robotics

because the approach can model heterogeneous data in a unified manner, while jointly

considering co-variations and uncertainty through the use of concatenated tangent spaces.

This capability has several practical research applications, as it is common in robotics to

juggle several types of sensors and actuators, and Riemannian geometry offers a simple and

formal way to homogeneously handle heterogeneous sources of data.
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5.2.4. Other homogeneous manifolds. In addition, several types of homogeneous Rieman-

nian manifolds remain largely underexploited in robotics, even though most of them are

mathematically well-understood and characterized by simple analytic expressions. For ex-

ample, Grassmann and Stiefel manifolds seem particularly promising to handle problems

in robotics where projections and subspaces are required in the computation, which can,

for example, be employed to keep the most essential characteristics of datasets (low rank

factorization).

In this context, one option is to treat the data as points on a Grassmann manifold and

to compute weighted averages on this manifold, effectively providing a dictionary of basis

functions (77). This approach consists of computing the average subspace spanned by the

data, that is, the first moment on the Grassmann manifold. While standard principal com-

ponent analysis (PCA) is concerned with the second moment of the data (covariance), the

geometric averaging approach simplifies subspace estimation. As demonstrated by (77), this

formulation of PCA simplifies the development of robust extensions. Indeed, the concept

of studying the subspaces spanned by the data (rather than the data itself) opens several

new directions that can be explored in robotics. As an extension to the computation of

weighted averages, one example concerns the clustering of points on manifolds, as proposed

in (78) in the context of muscle synergies.

Grassmann and Stiefel manifolds are also promising for problems that require consid-

ering tasks prioritization (e.g., inverse kinematics with kinematically redundant robots),

because the manifold can provide a geometric interpretation and treatment of nullspace

structures.

Other Riemannian manifolds, such as hyperbolic manifolds, also seem well-suited to

bring a probabilistic treatment to tree-based structures, graphs, and Toeplitz/Hankel ma-

trices (79). Hyperbolic manifolds can also be used for data structures forming hierarchies

or taxonomies (80). They form an extension of tree-like structures to continuous domains,

depicted in Figure 5 (bottom-right) as points on a disc (2D embedding), where points

near the center correspond to nodes near the trunk of the tree and points approaching the

border of the disc correspond to the leaf nodes of the tree.

5.3. Inhomogeneous manifolds

More general forms of manifolds with nonconstant curvature can also be employed. In

particular, this includes spaces endowed with a metric, characterized by a weighting matrix

used to compute distances. Many problems in robotics can be formulated with such a

smoothly varying matrix G(x) that can, for example, be used to evaluate the weighted

norm of a command u applied at a location x as a quadratic error term c(u) = u⊤G(x)u,

forming a Riemannian metric that describes the underlying manifold (with inhomogeneous

curvature).

A typical example of a smoothly varying metric in robotics is when the weight matrix is

a mass inertia matrix so that inertia is taken into account in order to generate a movement

from a starting joint configuration to a target joint configuration while minimizing kinetic

energy (81, 82, 83, 84, 85, 86) (see Figure 6-left). This technique can similarly be used

to model uncertainty and variations in the data (87), and for optimization problems such

as control policies accounting for a Riemannian metric (88, 89). More generally, the con-

sideration of a metric with a smoothly varying weighting matrix also provides a modular

framework to bridge multiple scientific disciplines with robotics, including motor control
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Figure 6: Left: Computing geodesic paths in the joint angle space of a two-link planar robot to
account for inertia in the movement. Inverse weight matrices are depicted as ellipsoids to locally
visualize the equidistant points (with respect to the metric) that the robot can reach. The geodesics
are shown as solid lines, and the baseline movements that would be produced by ignoring inertia
are shown as dashed lines, corresponding to linear interpolation between the two joint angle poses.
Center: Example with a user-defined metric in task space based on a covariance matrix to generate
paths that naturally curve around obstacles when the obstacles are close and are otherwise straight
(see the two point-to-point trajectories in green, either far from or close to the obstacle). Right:
Computation of geodesics.

and human motion science (90).

Figure 6-center shows two representations of the same geometric object, where the

description of a manifold through its metric corresponds to an intrinsic representation. In-

deed, differential geometry can either be intrinsic, meaning that the spaces it considers

are smooth manifolds whose geometric structure is governed by a Riemannian metric that

determines how distances are measured near each point, or extrinsic, where the studied

manifold is part of some ambient flat Euclidean space. The inset graph shows an example

of an extrinsic representation corresponding to the metric depicted as an intrinsic repre-

sentation. This example was crafted so that the corresponding extrinsic representation can

be represented in a 3D space, but this is not always possible; in other cases, it can require

more dimensions, and the extrinsic representations can be difficult to estimate. Fortunately,

Riemannian geometry does not require an explicit representation—only the intrinsic repre-

sentation is required in the computation.

Since the use of a metric is tightly connected to control, planning, and optimization

problems, we can also refer to the use of the inhomogeneous manifolds described above

as Riemannian optimization, which brings a geometric interpretation to cost minimization

problems. In this context, it is not the data points that are on the manifold; instead, the

metric forms the manifold. Often, we need to consider Riemannian manifolds for both

the data and the metric (e.g., in optimization problems with orientation data and weight

matrices).

5.3.1. Computation of geodesics for inhomogeneous manifolds. In contrast to homoge-

neous manifolds, for which geodesics can be computed in a very fast and straightforward

manner, computation can be harder for manifolds with nonconstant curvature. Figure

6-right shows two examples of methods to compute these geodesics. The first is an exam-

ple of iterative methods to solve the underlying differential equation problem, by starting

from an initial guess and updating the guess until convergence (second-order optimization

formulated here as a Gauss–Newton path optimization problem). One disadvantage of this
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approach is that a good initial guess is required.

The second example first builds a distance field from one of the points (2a), and then

use the gradient of the constructed distance field to backtrack a path from the second point

(2b). The first step of this process can, for example, be implemented with a Riemannian fast

marching algorithm (91). One disadvantage of this approach is that the process becomes

very expensive for higher dimensions.

To address this inconvenience, another line of research starts from the observation that

distance fields have an eikonal equation property, as seen in Section 3 in the context of

distance fields. In the case of distances governed by a Riemannian metric defined by G,

a similar weighted variant of the eikonal equation ∥∇f∥G = 1 can be used. Similarly to

the approach used with distance fields, this property can be used to estimate the distance

function with a function approximator, which is the core principle of physics-informed neural

networks (92, 93). The same process can be applied in robotics applications to compute

geodesics in a very fast and modular manner (86).

6. CONCLUSION

This article has presented an overview of geometric approaches and frameworks to facilitate

the acquisition and transfer of skills in robotics, together with promising extensions. Adopt-

ing geometric representations can simplify learning and transfer problems, while providing

a theoretically sound treatment of such structures in robotics. In essence, the targeted

goal is to leverage prior knowledge on the geometric structures of the problem to design

learning, planning and control algorithms that can be simpler, more generic and/or more

robust, without having to change the algorithm for each new geometric problem.
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