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Abstract

Many robotic tasks, such as inverse kinematics, motion planning, and contact-rich manipulation, can be formulated as

optimization problems. Solving these problems requires addressing inherent nonlinear kinematics, complex contact

dynamics, long-horizon correlations, and multimodal optimization landscapes, each posing distinct challenges for

state-of-the-art optimizers. While existing methods tackle these issues through problem-specific strategies, such

specialization inherently limits cross-task generalization, requires heavy engineering effort in problem reformulation,

and hinders multi-task autonomy. Monte Carlo Tree Search (MCTS) offers a compelling framework that generalizes

across diverse robotic tasks via strategic exploration of the solution space. However, it typically suffers from

combinatorial complexity when applied naively, resulting in slow convergence and excessive storage space in high-

dimensional domains. To address this limitation, we propose Tensor Train Tree Search (TTTS), which leverages tensor

factorization to exploit implicit correlations among different branches within the decision tree. By utilizing the resulting

compact, linear-complexity representation, TTTS significantly reduces both computation and storage overhead, thereby

enabling highly efficient global decision making. Experimental results across inverse kinematics, motion planning

around obstacles, legged robot manipulation, multi-stage motion planning, and bimanual whole-body manipulation

demonstrate the efficiency of TTTS for generalized robot optimization over a diverse set of tasks.

Project website: https://sites.google.com/view/tt-ts.
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1 Introduction

Optimization plays a critical role in robotics and serves

as the foundation for a wide range of tasks, including

inverse kinematics (Goldenberg et al. 2003), obstacle

avoidance (Marcucci et al. 2023), multi-stage motion

planning (Toussaint 2015), and contact-rich manipulation

(Mason 1986, 1999), see Figure 1. Solving these problems

requires addressing inherent nonlinear system dynamics,

nonconvex constraints, joint reasoning over discrete contact

modes and continuous motion trajectories, as well as

complex interactions with the environment, each of

which presents substantial challenges for state-of-the-art

optimization methods. Specifically, the nonlinearity intrinsic

to robotics renders many of these problems nonconvex,

making gradient-based methods prone to getting trapped

in poor local optima (Lembono et al. 2020). Similarly,

the need to jointly optimize over discrete modes and

continuous motion introduces significant combinatorial

complexity, substantially increasing computational costs

and slowing convergence for both sampling-based (LaValle

2006; Kavraki et al. 1996) and search-based (Hart et al. 1968)

approaches. Another key challenge is multimodal solution

discovery, where multiple distinct feasible solutions may

exist due to task redundancies or environmental symmetries.

Identifying and reasoning over such diverse solutions is

essential for both robustness and global optimization.

To cope with these challenges, general formulations are

often discarded to instead focus on a small set of

problems by exploiting the specific structures. For example,

trajectory optimization is often addressed through convex

optimization with local linearization (Wang and Grant

2017; Malyuta et al. 2022). Obstacle avoidance is typically

tackled using sampling-based methods, assuming that the

environment contains a sufficiently large free space (Lin and

Saripalli 2017). Contact-rich manipulation, which involves

significantly more challenging hybrid dynamics, is often

tackled through local smoothing (Pang et al. 2023) or the use

of complementarity constraints (Moura et al. 2022).

Although these approaches are effective for individual

tasks, they lack generalizability across domains. This limita-

tion necessitates substantial human effort in problem design

and imposes a heavy burden on problem decomposition in

order to coordinate multiple specialized solvers for multi-

task autonomy. Moreover, certain problems, such as multi-

stage motion planning (Toussaint 2015; Xue et al. 2024a)

(also referred to as task and motion planning (Garrett et al.

2021)), are inherently coupled and cannot be decomposed
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Figure 1. Overview of diverse applicable domains. We demonstrate that TTTS is widely applicable in many tasks, such as

Inverse Kinematics (A), Motion Planning (B), Legged Robot Manipulation (C), Multi-stage Motion Planning (D) and Bimanual

Whole-body Manipulation (E).

into independent subproblems that can be solved in isolation.

In such cases, discrete mode sequencing (typically addressed

with search-based methods) and continuous motion planning

(typically addressed with gradient-based or sampling-based

methods) must be considered jointly.

These challenges highlight the need for a general

formulation for robot optimization. Monte Carlo Tree Search

(MCTS) (Coulom 2006) offers a compelling framework:

it eliminates reliance on gradient information, thereby

avoiding poor local optima and making it well-suited for

handling nonconvex constraints, nonlinear kinematics and

dynamics. Moreover, by strategically exploring multiple

branches of the search tree, MCTS is naturally capable of

multimodal solution discovery, identifying diverse feasible

solutions across different modes. Furthermore, it enables

joint modeling of both discrete and continuous decision

variables by discretizing the continuous domain into

discrete grid points. This discretization, however, often

results in excessively large trees and correspondingly slow

convergence. To alleviate this issue, the spectrum of

locally linearized controllability Gramians has been used in

(Rivière et al. 2024) to efficiently decompose a continuous

dynamical system into a few discrete sets. While effective

in drones and ground vehicles, this approach may still incur

substantial combinatorial complexity for high-dimensional

nonlinear systems such as robotic manipulators, where

local linearization becomes less reliable. Neural network

heuristics have also been explored for guiding MCTS, and

have shown impressive results on very challenging problems,

such as Go (Silver et al. 2017), but they typically require

large amounts of training data and substantial training time.

Even when a simulator is available, obtaining informative

training data that covers all modes of a multimodal landscape

remains non-trivial. While such overhead may be justified

for a single, well-defined, high-difficulty task, it becomes

unnecessarily costly for the broad range of general robot

optimization problems, which span tasks of moderate

complexity, as shown in Figure 1.

We argue that decision trees arising from domain

discretization in robotics are typically not arbitrary, as

different branches share substantial redundancy induced

by shared robot kinematics, dynamics, and environmental

constraints (Roy et al. 2021). We propose to exploit this

structure via tensor factorization, analogous to its use in

quantum physics for capturing localized correlations (Eisert

et al. 2010). Specifically, we propose Tensor Train Tree

Search (TTTS), which exploits the structure of the decision

tree through tensor factorization, automatically identifying

the most informative points without a pre-collected dataset

or task-specific design, making it far more data-efficient

than neural network heuristics and broadly applicable across

diverse robotic tasks. This tree can be then expressed

as a sequence of small third-order separable cores, each

corresponding to a specific layer. In this way, the full

decision tree can be represented using only linearly many

parameters. This compact model provides Upper Confidence

Bound (UCB) statistics for all nodes via efficient tensor

contractions, directing search toward promising regions

even from the first iteration and ensuring asymptotic

completeness. Unlike conventional node- and table-based

representations, the separable TT structure transforms the

combinatorial complexity of tree search into linear time and
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space complexity, while also enabling full parallelization of

MCTS.

Our main contributions are as follows:

1. We propose a general formulation for optimization

problems in robotics that can handle nonlinear dynam-

ical systems, nonconvex constraints, hybrid state-

action spaces, and multimodal solution discovery.

2. We introduce the use of Tensor Train (TT) to approx-

imate decision trees by exploiting their inherent struc-

tural redundancies, yielding a highly compact repre-

sentation. This formulation enables fully parallelized

tree search with linear time and space complexity,

supporting efficient decision-making.

3. We provide theoretical analysis establishing TTTS’s

computational efficiency and asymptotic completeness

for global optimum identification.

4. We evaluate TTTS against state-of-the-art methods

and demonstrate its effectiveness on inverse kinemat-

ics, motion planning around obstacles, multi-stage

motion planning, legged manipulation, and real-world

bimanual whole-body manipulation tasks.

2 Related Work

2.1 Gradient-based Methods

Gradient-based and Newton-based methods (i.e., first and

second-order optimization) are the most popular approaches

in robot optimization, characterized by rapid convergence

when gradients of the objective and constraints are

available. Standard methods include Differential Dynamic

Programming (DDP) (Mayne 1966; Tassa et al. 2012),

iterative Linear Quadratic Regulators (iLQR) (Li and

Todorov 2004), and trajectory optimization frameworks such

as CHOMP (Ratliff et al. 2009) and TrajOpt (Schulman et al.

2014). The main advantage of gradient-based and Newton-

based optimization is its efficiency in smooth and convex

problem formulations, enabling practical deployment in real-

time robot control scenarios. In these applications, gradients

and Hessians provide useful local guidance, significantly

speeding up convergence.

However, the critical limitation of gradient-based and

Newton-based methods arises in scenarios involving highly

nonlinear, nonconvex cost landscapes or discontinuous

constraints, such as hybrid modes, contacts, and collision

avoidance conditions (Xue et al. 2023; Posa et al. 2014).

These methods are often too sensitive to initialization and

often get trapped in poor local minima, demanding accurate

initial guesses or sophisticated initialization schemes.

In contrast to these approaches, TTTS does not rely

on convex structures and initial guesses. It can address

highly nonlinear, nonconvex and multimodal landscapes,

as well as mixed-integer decision variables. For example,

the planar pushing task with face switching mechanism in

(Xue et al. 2023) requires optimization on both discrete

and continuous decision variables, which is not solvable

with typical gradient-based and Newton-based methods.

TTTS tackles this problem through TT approximation and

strategic tree search, where gradient-based approaches can

still be integrated within the framework as a refinement

step for continuous variables, thereby combining the

global exploration capability of tree search with the local

optimization efficiency of gradient methods.

2.2 Sampling-based Methods

Sampling-based methods, including Rapidly-exploring Ran-

dom Trees (RRT) (LaValle 2006) and Probabilistic

Roadmaps (PRM) (Kavraki et al. 1996), offer an alternative

to gradient-based approaches by constructing feasible paths

through sampled configurations. These methods are particu-

larly useful when gradient information is unavailable or dif-

ficult to obtain, and are widely used in motion planning and

related robotics applications. Variants like RRT∗ (Karaman

and Frazzoli 2011), BIT∗ (Gammell et al. 2015) and CMA-

ES (Hansen et al. 2003) further improve path optimality and

convergence rates, demonstrating remarkable flexibility and

scalability in challenging environments.

Nevertheless, a key limitation of sampling-based methods

is that they are inherently tied to narrowly defined

objectives, such as path length minimization, feasibility,

or collision avoidance. Many robot optimization tasks,

however, require optimizing general objective functions

that go beyond geometric path planning, including multi-

stage sequential costs, contact dynamics, and mixed-integer

objectives. In such settings, sampling-based methods lack

the structured guidance needed to efficiently explore the

objective landscape, limiting their broader applicability.

In contrast, TTTS inherits from MCTS the ability to

optimize a wide range of objective functions, making it

broadly applicable to diverse robotic tasks beyond shortest-

path problems. It leverages TT approximation to construct

informative priors over the full tree and employs a UCB-

based search that strategically identifies the global optimal

solutions. In our framework, CMA-ES is integrated into

TTTS to refine the solutions found by TT-Tree search and

bridge the gap between the continuous decision domain and

the discretized tree nodes.

2.3 Search-based Methods

Search-based planners, such as A∗ (Hart et al. 1968) and

Monte Carlo Tree Search (MCTS) (Coulom 2006), formulate

planning as explicit search over discrete state or state-

action spaces (Hart et al. 1968; Browne et al. 2012). These

methods are particularly effective in environments with

discrete or readily discretized action sets, and can offer

strong guarantees under appropriate assumptions, such as

optimality for A∗ with admissible heuristics or asymptotic

convergence guarantees for variants of MCTS. Furthermore,

methods like MCTS effectively balance exploration and

exploitation, significantly improving planning efficiency in

complex domains (Silver et al. 2017). Recent studies have

also applied MCTS to contact-rich hybrid planning problems

in robotic manipulation (Zhu et al. 2023; Cheng et al.

2023), demonstrating its potential to handle challenging

contact dynamics and improve dexterity through hierarchical

exploration.

While these works highlight the promise of MCTS in

such domains, they also expose its limited scalability, largely

due to the need to discretize continuous spaces. This dis-

cretization leads to exponential growth in computational

complexity as dimensionality increases (i.e., the curse of
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dimensionality). Moreover, the discretization itself intro-

duces approximation errors and scaling issues, rendering

these approaches less effective or computationally pro-

hibitive in high-dimensional continuous domains without

carefully designed schemes or heuristics (Choset et al. 2005).

Rivière et al. addresses this issue by decomposing continu-

ous dynamical systems through the spectrum of the locally

linearized controllability Gramian (Rivière et al. 2024), but

the discretization is achieved through local linearization,

which can still lead to node explosion for highly nonlinear

dynamical system, such as robot manipulator. Neural net-

works have also been utilized to guide MCTS to alleviate

computational bottlenecks (Guez et al. 2018; Silver et al.

2017; Kemmerling et al. 2024), showcasing remarkable

results on challenging tasks such as Go. However, such

networks inherently lack the flexibility to handle diverse,

unseen scenarios without undergoing costly, per-task re-

training, thereby limiting their practicality for generalized

robot optimization.

TTTS leverages Tensor Train (TT) to reduce combina-

torial complexity to linear complexity in both storage and

computation. By exploiting the inherent tree structure, TT

approximation is computationally efficient, providing global

search guidance and enabling parallel rollouts for faster

convergence. The strategic search from MCTS is preserved

for asymptotic global convergence.

2.4 Hybrid Methods

Hybrid methods have also been developed that integrate

multiple planning paradigms to overcome the limitations

of purely gradient-based, sampling-based, or search-based

methods. For example, combining trajectory optimization

with sampling-based planners (such as RRT followed

by trajectory optimization (Deits and Tedrake 2015))

enables more effective exploration in high-dimensional

spaces. In the context of mixed-integer programming,

approaches like Logic-Geometric Programming (LGP)

(Toussaint 2015) alternate between discrete symbolic search

and continuous geometric optimization. More recent hybrid

methods combine global search strategies (e.g., MCTS or

heuristic-based planners) with local refinement techniques or

learning-based value estimation (Marcucci et al. 2024; Xue

et al. 2024c), demonstrating strong performance in solving

complex planning problems that involve both discrete and

continuous variables. By leveraging the strengths of both

local optimization and global search, these methods achieve

practical efficiency across a wide range of applications,

including obstacle avoidance, contact-rich manipulation and

legged locomotion (Anthony et al. 2017; Kim et al. 2020).

Despite these benefits, hybrid methods often require care-

ful engineering and tuning of parameters to balance compu-

tational resources effectively. Additionally, the integration of

different planning paradigms introduces additional algorith-

mic complexity and implementation overhead, complicating

both theoretical analysis and practical deployment.

TTTS can be seen as a hybrid approach that combines

global search with local refinement, but different from the

vanilla combination, TT provides a global approximation of

decision tree with separable structure, enabling more effi-

cient and parallelizable tree search. Moreover, different from

the hierarchical framework that alternates between high-

level discrete search and low-level continuous optimization,

TTTS addresses the mixed-integer optimization jointly, by

considering a joint distribution.

3 Background

3.1 Tensor Train Function Approximation

A multivariate function F (x1, . . . , xd) defined on a

Cartesian product domain I1 × · · · × Id can be discretized

into a tensor F by sampling it on a grid, where each entry is

given by

F i1,...,id = F (xi11 , . . . , x
id
d ), ik ∈ {1, . . . , nk}.

The continuous function F can then be approximated

by interpolating the entries of F . However, direct

storage and computation of high-dimensional tensors is

infeasible due to their O(nd) complexity. Analogous to

matrix factorizations, tensor networks provide compact

representations through factorization. In particular, the

Tensor Train (TT) decomposition expresses a d-dimensional

tensor as a sequence of low-rank three-dimensional tensors,

called cores. In TT format, a tensor entry is represented as

F(i1, . . . , id) = F
1
:,i1,: F

2
:,i2,: · · ·F

d
:,id,:

,

where F
k
:,ik,:
∈ R

rk−1×rk denotes the ik-th slice of the k-

th core. TT decompositions are guaranteed to exist and can

significantly reduce computational complexity (Oseledets

2011).

Algorithms such as TT-SVD (Oseledets 2011) and TT-

Cross (Oseledets and Tyrtyshnikov 2010; Savostyanov and

Oseledets 2011) provide efficient frameworks for computing

and storing TT decompositions. TT-SVD relies on successive

matricizations of the tensor and truncated singular value

decompositions (SVDs), yielding quasi-optimal low-rank

approximations but requiring access to the full tensor, which

can be impractical in very high dimensions. In contrast,

TT-Cross avoids the need for full tensor evaluation by

constructing the decomposition from a relatively small,

adaptively chosen set of tensor entries. The method is

based on the principle of cross approximation, where

one iteratively selects “skeleton” rows and columns in

appropriate unfolding matrices. By exploiting the maximal-

volume submatrices (maximum volume principle), TT-Cross

identifies the most informative entries of the tensor and

uses them to construct the TT cores. This process is carried

out sequentially across tensor dimensions, updating ranks

adaptively and ensuring numerical stability. As a result,

TT-Cross can efficiently approximate the full tensor while

querying and storing only a fraction of its entries, making

it particularly well-suited for high-dimensional tensors (e.g.,

discretized function approximations). Crucially, the resulting

TT model is a global surrogate: once the TT cores are fitted

from the sampled entries, the model can be evaluated at

any index tuple (i1, . . . , id) in the full grid {1, . . . , N1} ×
· · · × {1, . . . , Nd}, not only at the entries queried during

construction. This is analogous to fitting a regression model

from a small sample and using it to predict at all points.

For more details, please refer to (Oseledets and Tyrtyshnikov

2010; Savostyanov and Oseledets 2011).
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Given a discretized TT representation, it can be used to

approximate continuous functions by interpolating across the

TT cores. For instance, by using linear interpolation between

core slices, each core defines a matrix-valued interpolation:

F k(xk) =
xk − xikk
xik+1
k − xikk

F
k
:,ik+1,: +

xik+1
k − xk

xik+1
k − xikk

F
k
:,ik,:

,

valid for xikk ≤ xk ≤ x
ik+1
k . The resulting continuous

approximation then takes the form

F (x1, . . . , xd) ≈ F 1(x1) · · ·F d(xd),

allowing efficient representation and approximation of

functions defined on mixed discrete–continuous domains.

3.2 Global Optimization via Tensor Train

(TTGO)

The goal of global optimization is to identify decision

variables x that maximize a target function f(x). TTGO

(Shetty et al. 2024) addresses this task by mapping f(x) into

an unnormalized density function F (x) through a monotone

transformation that preserves the ordering of optima. The

function F (x) is then approximated in Tensor Train (TT)

format using the TT-Cross algorithm, resulting in a compact,

structured representation:

F (x1, . . . , xd) ≈
r1∑

γ1=1

r2∑

γ2=1

· · ·
rd−1∑

γd−1=1

F
1(1, x1, γ1)F

2(γ1, x2, γ2) · · · Fd(γd−1, xd, 1),
(1)

where each TT core F
k is a tensor of size rk−1 ×Nk × rk,

with Nk denoting the discretization resolution of the k-th

variable and rk the associated TT ranks.

This TT representation yields a low-rank surrogate that

enables efficient optimization. Instead of exhaustive grid

search, which suffers from exponential complexity O(Nd),
TTGO leverages the tensor structure to perform coordinated

dimension-wise search, reducing the computational cost to

O(Ndr2), where N is the typical discretization size per

dimension and r the maximal TT rank. However, TTGO

relies heavily on accurate TT approximation, which may not

hold under limited storage capacity.

3.3 Monte Carlo Tree Search

Given a decision tree, MCTS begins at the root and selects a

promising node at each layer by balancing exploitation and

exploration, typically via an upper confidence bound (UCB):

i[j] ← argmaxi[j]∈I[j]

(
qi[j]

vi[j]
+ c

√
log vi[j−1]

vi[j]

)
, (2)

where j denotes the current depth in the tree, and i[j] =
(i1, i2, · · · , ij) represents the complete sequence from the

root to the selected node. I denotes the index set of all

complete node sequences corresponding to branches in the

decision tree, and I[j] denotes the subset of index sequences

truncated at depth j, i.e., all partial paths from the root to

depth j. Here, qi[j] and vi[j] denote the cumulative reward

and visit count of the terminal node in path i[j], while vi[j−1]

refers to the visit count of its parent. The constant c regulates

the trade-off between exploration and exploitation.

After selection, MCTS expands the chosen node by

generating a new child, followed by a simulation stage in

which a rollout policy estimates the outcome from that child.

The simulation results are then propagated back through the

visited nodes, updating their value estimates and visit counts

to guide subsequent searches. Through strategic exploitation

and exploration, MCTS can efficiently explore large search

spaces and asymptotically converge to the global optimum.

To support strategic searching behavior, it is essential to

store and update the value and visit count for each node.

This leads to a combinatorial complexity of O(Nd) in both

computation time and memory usage, whereN is the number

of nodes per layer and d is the depth of the tree. Such

complexity severely limits the applicability of MCTS in

many tasks.

4 Problem Formulation

We consider a general robot optimization formulation that

can address diverse problems in robotics:

max
x∈Ωx

J(x), s.t. ϕ(x) ≤ 0, ψ(x) = 0, (3)

where x is the decision variable, Ωx is the decision

domain, J : Ωx → R is the objective function, and ϕ(x) ≤
0, ψ(x) = 0 are inequality and equality constraints encoding

system dynamics and other physical limits. We assume

that J is evaluable and deterministic: given the same x,

J(x) always returns the same value, with no assumption

on gradient, convexity, or closed-form structure. Any

black-box function that can be queried suffices, including

those evaluated through black-box physical simulators. The

decision domain Ωx is flexible and may take different forms:

• Discrete: x is drawn from a finite set (e.g.,

combinatorial sequences, integer choices), such as

hybrid contact modes (i.e., push, pivot) in contact-rich

manipulation tasks.

• Continuous: x ∈ R
n represents the continuous deci-

sion variables to be optimized (e.g., in trajectory opti-

mization). The coarse grid solution can subsequently

be refined by a local continuous optimizer.

• Hybrid: x = (xd,xc) combines discrete choices

and continuous variables, which corresponds to the

multi-stage manipulation problems that require joint

reasoning over discrete modes and continuous motion

trajectories.

To handle all three cases in a unified manner, we keep

the discrete domain unchanged and discretize the continuous

domain onto a finite grid of Nj candidate values, thereby

reducing all domain types to the same discrete structure. The

resulting index set I ⊆ {1, . . . , N1} × · · · × {1, . . . , Nd}
defines a d-layer decision tree with branching factor Nj at

layer j: each root-to-leaf path encodes a candidate solution x

with associated value J(x). The optimization problem thus

reduces to finding the maximum-value branch, a tree search

problem over O(Nd) leaves.
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MCTS is a natural and powerful approach for solving

this problem. It selectively searches branches in a strategic

manner, but suffers from the combinatorial complexity of

the underlying tree: both memory and search time scale as

O(Nd), becoming intractable as depth d grows.

5 Tensor Train Tree Search

To reduce this combinatorial complexity, our objective is to

express the decision tree with linear complexity O(λNd),
where λ is a scaling factor. This is equivalent to representing

a high-dimensional tensor of size O(Nd) using a compact,

low-rank decomposition, which is a well-studied problem in

numerical mathematics (Cichocki et al. 2016). Specifically,

we employ tensor train (TT) to exploit the separable structure

and reduce inter-layer dependencies. As a result, the original

high-dimensional tensor can be efficiently represented using

significantly fewer parameters through a sequence of third-

order TT cores, namely:

T̂ (i1,...,id) ≈ T
1
:,i1,:T

2
:,i2,: · · ·T

d
:,id,:

, (4)

where T̂ denotes the original high-dimensional tensor, and

T
j is the core corresponding to the j-th dimension (i.e., the

j-th layer of the tree). Figure 2 (B) presents an illustrative

example of a three-dimensional tensor.

Algorithm 1 presents the pseudocode of the proposed

method. It consists of three phases, which correspond to the

three blocks of Algorithm 1. (i) Offline TT-tree initialization:

TT-Cross approximates the objective in TT format, yielding

a compact representation of the node values of the entire

decision tree. (ii) Online TT-tree search: a task-conditioned

TT model is obtained for the given problem instance,

followed by an MCTS-style tree search with node values and

visit counts computed via TT contractions. (iii) Refinement:

the best solutions found on the grid are refined by a

local continuous optimizer. The remainder of this section

describes the TT representation of the tree used in phases (i)

and (ii), the individual steps of the online search, and the

refinement.

5.1 Offline Construction and Context

Conditioning

To make the offline construction reusable, we consider a

family of optimization problems that share the same decision

variables but differ in their initial states or target parameters.

Examples include pushing an object from different initial

poses and reaching different end-effector target poses. We

express this family as maxx∈Ωx
J(x; z), where the context

variable z ∈ Ωz specifies a problem instance and remains

fixed while x is optimized. For a single instance, z can be

omitted.

We first construct an augmented TT model Q+ offline by

applying TT-Cross to the objective over the joint domain

Ωz × Ωx. A single set of TT cores thus approximates the

objective across the prescribed family of instances, avoiding

a separate TT-Cross construction for each instance. The

maximum-volume principle of TT-Cross guides the selection

of informative objective evaluations, producing a global

surrogate that can guide the subsequent search from its first

iteration.

5.2 Online Tree Search and Refinement

For online search, the given context z specifies the instance

to be solved. Partial evaluation of the augmented model

yields its value model, Q = Q
+(z). Specifically, we

evaluate the context-related cores at the given context, using

linear interpolation between neighboring grid points when

needed, and contract them into the remaining cores. The

resulting TT represents the objective values over the decision

variables, without rerunning TT-Cross or making additional

objective evaluations.

The online search uses this value model Q together

with a visit-count model V to compute the UCB scores in

Eq. (2). We denote the corresponding full value and visit-

count tensors by Q̂ and V̂ . Their TT representations avoid

explicitly storing tensors whose size grows exponentially

with tree depth. The visit-count model is initialized to zero

for each instance and updated as branches are explored,

while the context z remains fixed.

Due to dependence on the parent nodes, the value and

visitation statistics of a node are path-dependent, introducing

non-Markovian behavior. Querying the value of node ni[j]

requires summing over all completions of the branch from

layer j + 1 to depth d. Given the full tree approximated in

TT format, the value of a node at level j, denoted as qi[j] , can

be efficiently computed via tensor contractions as

qi[j] =

Nj+1∑

ij+1=0

· · ·
Nd∑

id=0

Q̂(i1,...,ij ,ij+1,...,id)

≈Q
1
:,i1,: · · ·Q

j
:,ij ,:

Nj+1∑

ij+1=0

· · ·
Nd∑

id=0

Q
j+1
:,ij+1,:

· · ·Qd
:,id,:

,

(5)

where each TT core Q
l encodes the factorized structure of

the tree at layer l. To compute the node value at depth j,

we extract the corresponding slices from the first j TT cores

(representing the visited layers), and perform summation

over indices in the remaining cores from j + 1 to d. The final

node value is obtained by multiplying the resulting matrices

across all layers. Figure 3 illustrates how to compute the

value of a node in the first layer of a three-layer tree using

TT cores. The multiple arrows between TT cores indicate

the ability to perform parallel selection in the TT-Tree.

Similarly, the visit count vi[j] is computed as:

vi[j] =

Nj+1∑

ij+1=0

· · ·
Nd∑

id=0

V̂(i1,...,ij ,ij+1,...,id)

≈ V
1
:,i1,: · · ·V

j
:,ij ,:

Nj+1∑

ij+1=0

· · ·
Nd∑

id=0

V
j+1
:,ij+1,:

· · ·Vd
:,id,:

.

(6)

With qi[j] and vi[j] efficiently available via TT contractions

(Eqs. (5)–(6)), the online phase follows the standard MCTS

pipeline: selection, expansion, simulation, and backpropaga-

tion, with an additional top-τ solutions maintenance step. We

now describe each step in detail.

Selection and Expansion. Given qi[j] , vi[j] , and vi[j−1]
,

node expansion follows the UCB rule from (2). The TT-

based representation enables parallel selection, which is

Prepared using sagej.cls



Xue et al.: Tensor Train Tree Search 7

Figure 2. Tree-Tensor-TT transformation. (A) A multi-layer decision tree can be equivalently represented as a high-dimensional

tensor, where each tensor element corresponds to the value at the terminal node of a branch. The figure shows a tree of depth

three, in which each layer corresponds to one decision variable and hence to one tensor dimension. A tree of depth d thus

corresponds to a d-dimensional tensor. (B) Tensor decomposition in TT format. The TT cores provide a compact, global surrogate

for this entire tensor: any leaf value can be approximated by contracting the corresponding core slices, enabling efficient UCB

computation over the full tree without explicitly storing all Nd entries.

Figure 3. Node value computation for a tree represented in TT format. This example illustrates how the value of a first-layer

node is computed using TT cores. The value of node i1 is obtained by fixing the slice Q
1

:,i1,:
from the first TT core and summing

over all indices of the remaining cores (Q2 through Q
3) to aggregate all leaf completions, as in Eq. (5).

typically non-trivial in traditional node-based or table-

based implementations (Chaslot et al. 2008). If no further

expansion is possible, the current branch terminates.

Otherwise, the branch is extended by one layer and followed

by a simulation to the leaf.
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Simulation. Rather than performing a random rollout, we

leverage the TT value model Q as a global approximation

of the decision tree to guide the simulation strategy via

stochastic sampling, treating TT values as unnormalized

probabilities. This enables parallel simulation and yields a

top-τ set of candidate solutions.

Backpropagation. Following the simulation step, the TT

models associated with the traversed branches are updated

through backpropagation. Specifically, the visit count tensor

V is updated incrementally via a residual strategy. Let

∆V̂ ℓ
γ denote the residual visit count tensor that tracks node

visitations at layer γ during iteration ℓ, where an element is 1
if the corresponding node is visited and 0 otherwise. Since at

most τ distinct nodes are visited at layer γ in each iteration,

∆V̂ ℓ
γ is a sum of at most τ one-hot (i.e., rank-one) tensors

and therefore admits an exact TT representation of rank at

most τ . Leveraging the fact that the newly visited indices

are precisely known a priori, we tailor the standard TT-

Cross algorithm into an efficient, guided variant. Standard

TT-Cross initializes its left and right index sets randomly and

refines them over several sweeps by the maxvol principle.

The guided variant instead initializes them directly with

the prefixes (i1, . . . , ik) and suffixes (ik+1, . . . , iγ) of the

visited index tuples i[γ]. Because these index sets contain

all nonzero entries of ∆V̂ ℓ
γ , the cross interpolation is exact,

and the guided variant recovers its TT representation ∆V
ℓ
γ

in a single iteration. It only evaluates ∆V̂ ℓ
γ on the fibers

through the visited nodes, which is cheap and requires no

evaluation of J . The residual is then added to the visit count

model, Vℓ
γ = V

ℓ−1
γ +∆V

ℓ
γ , by TT addition (i.e., block-wise

concatenation of the cores). This update is also exact, so

the visit counts grow exactly as in standard MCTS. Since

the ranks of the TT sum add up over iterations, the visit

count model can optionally be compressed by TT truncation

when storage is limited; with a small relative tolerance

(e.g., 10−5), the truncation leaves the visit counts practically

unchanged. The visit counts of the ancestor layers 1, . . . , γ −
1 are updated in the same way, with residuals obtained by

summing ∆V
ℓ
γ over its last indices, i.e., contracting its last

cores with all-ones vectors, so that each visit is propagated

to all nodes along the traversed path. The value model

Q can also be updated in a similar manner to enhance

approximation accuracy, but we omit this step in practice to

reduce runtime.

Top-τ Update and Refinement. We maintain a candidate

set S to dynamically track the top-τ elite solutions, which

is updated iteratively with newly discovered solutions. For

continuous decision variables, the coarse solutions obtained

from TT-Tree Search are subsequently optimized using

CMA-ES as a local refiner.

Remark (Parallelism in TTTS). Standard MCTS faces two

fundamental challenges when parallelizing tree search: (1)

all threads tend to follow the same UCB-greedy path from

the root, causing redundant exploration; and (2) concurrent

updates to shared per-node statistics require expensive

locking mechanisms (Chaslot et al. 2008). TTTS addresses

both challenges through the separable structure of its TT

representation, which decouples the tree across layers and

enables global, layer-wise operations. For challenge (1): in

standard MCTS, selection walks down the tree one node at

a time along a single root-to-leaf path, so parallel threads all

tend to visit the same nodes. In TTTS, the separable structure

allows UCB scores for all nodes at a given layer to be

computed simultaneously via TT contractions (Eq. (5)–(6)),

and the top-τ nodes are selected in one shot. This layer-wise

parallel selection naturally diversifies exploration across τ

branches at once. For challenge (2): in standard MCTS, both

visit counts and action-value estimates are stored as per-node

counters, so threads updating these counters simultaneously

must contend for locks. In TTTS, both statistics are encoded

as TT models (V for visit counts and Q for node values) and

updated via TT-Cross in a single bulk operation, eliminating

the need for per-node synchronization. The simulation phase

likewise draws multiple complete trajectories in parallel by

treating Q as an unnormalized probability model, yielding τ

candidate solutions per iteration without thread contention.

Algorithm 1 Tensor Train Tree Search (TTTS)

1: function TENSORTRAINTREESEARCH(x0, z, J , Ωx, L, I)

2: Input: Initial state x0, Condition var. z ∈ Ωz ,

3: Maximum iter. L, Objective function J ,

4: Search domain Ωx = {x(i1,...,id) : ij ∈ {1, . . . , Nj}},
5: Index set I ⊆ {1, . . . , N1} × · · · × {1, . . . , Nd},
6: Hyperparameters: Number of solutions τ ,

7: Exploration param. c # default: τ = 10, c = 3
8: Output: top-τ solutions: solution set S
9: // == Phase I: TT-Tree Initialization (offline) ==

10: Q
+ ← TT-Cross(J,Ωz × Ωx) # once per task

11: // == Phase II: TT-Tree Search (online) ==

12: Q←Q
+(z) # per problem instance z

13: i0 ← Node(x0), V0 ← 0, S = [ ]
14: for ℓ = 1, 2, . . ., L do

15: for j = 1, . . . , d do

16: qi[j] ← Eq. (5), vi[j] , vi[j−1]
← Eq. (6)

17: i[j] ← argmaxτi[j]∈I[j]

(
qi[j]
vi[j]

+ c ·
√

log vi[j−1]

vi[j]

)

18: if ij is not expanded then break

19: end for

20: for s = j + 1, . . . , d do

21: qi[s] ← Eq. (5)

22: i[s] ← argmaxτi∈I[s]
qi[s]

23: end for

24: x⋆ ← argmaxτ
x∈Ωx(i[d])

J(x)

25: for γ = 1, . . . , j do

26: V
ℓ
γ = V

ℓ−1
γ + Guided TT-Cross(∆V̂ ℓ

γ , i[γ])
27: end for

28: S+ ← append(S,x⋆)
29: S ← argmaxτ

x∈S+ J(x)
30: end for

31: // == Phase III: TT-Tree Refinement (online) ==

32: S ← Refine(S) # e.g., CMA-ES on continuous dims

33: return S
34: end function

5.3 Algorithm Walkthrough via an Illustrative

Example

We walk through Algorithm 1 step-by-step using a 2-DOF

inverse kinematics (IK) problem. As shown in Fig. 4, the

task is to find joint angles (θ1, θ2) ∈ [−π, π]2 such that the

robot end-effector position, denoted by (rx, ry), reaches the

target position (gx, gy). Because of the nonlinear kinematics,

the same goal position can be reached by two distinct arm

configurations, shown in dark and light gray in Fig. 4. This
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Figure 4. Two-joint inverse kinematics with multimodal

solutions. Two distinct arm configurations, shown in dark and

light gray, reach the same end-effector goal (gx, gy) due to the

nonlinear kinematics, illustrating the multimodal and nonconvex

nature of the problem.

yields a representative nonlinear problem with a multimodal

solution set, well suited for illustrating the key properties of

TTTS.

Objective function and discretization. We define the

cost function as c(θ1, θ2) = (rx − gx)2 + (ry − gy)2, which

represents the squared end-effector positioning error, and

convert it into a maximization objective:

J(θ1, θ2) = e−c(θ1,θ2). (7)

Figs. 5a and 5b show the landscape of J from top-down and

perspective views, respectively. The 3D surface in Fig. 5b

clearly reveals the nonconvex, multimodal structure of J ,

with two distinct peaks corresponding to the two kinematic

solutions, a landscape in which gradient-based methods

are prone to converging to a single optimum. Discretizing

(θ1, θ2) onto a 10× 10 grid yields the objective matrix in

Fig. 5c, where the two red-star entries mark the optimal grid

configurations.

Initialization. We start TTTS by calling TT-Cross to

construct a compact TT approximation of the objective

function, with the maximum rank budget set to 3. This

produces two low-rank factor matrices Q1∈R10×3 and Q2∈
R

3×10 with TT rank r = 3, as illustrated in Fig. 5d. Despite

using far fewer parameters than the full 10× 10 matrix, this

factorization captures the dominant structure of the value

landscape and concentrates probability mass near high-value

regions, providing an informative global prior before any tree

traversal begins.

Selection. At each iteration ℓ, TTTS selects the top-τ

nodes in Layer 1 (θ1) by maximizing the UCB score. The

node value for the first layer is computed from the TT cores

as:

qi[1] = Q1
i1,:

N2∑

i2=1

Q2
:,i2 , (8)

which marginalizes over all second-layer completions via

Q2, serving as the exploitation term. The visit count vi1
provides the exploration bonus. Given the selected first-layer

node i∗1, the second-layer node values are:

qi[2] = Q1
i∗1 ,:

Q2
:,i2 , (9)

and the top-τ nodes in θ2 are selected accordingly.

Fig. 6 traces this process across three iterations (left:

Layer-1 UCB bar charts; middle: Layer-2 value heatmaps;

right: maintained top-τ solutions). In Iteration 1, all visit

counts are zero, so the UCB score is dominated entirely by

the exploitation term (blue bars). Nodes i1 = 5 and i1 = 6
achieve the highest qi1 values and are selected. Conditioned

on these selections, the Layer-2 heatmaps identify i2 = 8 for

i1 = 5 and i2 = 7 for i1 = 6. The TT model successfully

guides search toward high-value regions from the very first

iteration. However, due to the low-rank approximation, not

all optima may be captured precisely in a single pass. The

top-τ solution list is maintained and updated across iterations

as the UCB exploration bonus progressively steers search

toward other promising regions.

Backpropagation. After each iteration, the visit count

model V is updated via Guided TT-Cross to record the

explored nodes. In Iteration 2, nodes i1 = 5 and i1 = 6 carry

visit count 1 (indicated by the “1” labels in Fig. 6), which

reduces their exploration bonus and raises the UCB scores of

their neighbors i1 = 7 and i1 = 8. By Iteration 3, nodes i1 =
4 and i1 = 9 are selected, revealing a systematic outward

expansion: TTTS uses the exploitation term to focus on high-

value regions and the exploration term to spread coverage as

nodes are visited, together driving strategic search across the

full solution space.

Refinement. The top-τ discrete candidate solutions from

TT-Tree search are passed to CMA-ES for continuous

refinement. This corrects for grid discretization errors and

yields the two precise IK configurations shown in Fig. 4.

This IK example could of course be solved differently;

it is used here to didactically illustrate how TTTS can

combine a compact TT representation as a global prior

with the UCB-driven exploration–exploitation mechanism

of MCTS, simultaneously discovering all optimal modes

through linear-complexity tensor operations.

5.4 Theoretical Analysis

We establish three theoretical results that together show

TTTS achieves MCTS-like optimality with greater effi-

ciency. Proposition 1 shows that TT structure enables exact

MCTS node value computation in O(Ndr2), an exponential

improvement over the O(Nd) complexity of explicit tree

evaluation. Proposition 2 establishes that the TT model

provides a near-optimal surrogate: its best solution deviates

from the true global optimum by at most 2ϵ, where ϵ is

the TT approximation error, which can be obtained while

performing TT-Cross. Proposition 3 establishes that TTTS

achieves the same asymptotic completeness as MCTS: given

sufficient iterations and storage, it asymptotically approaches

the true global optimum on the decision grid. Overall, TTTS

enables efficient MCTS while providing asymptotic global

convergence.

Proposition 1. Given a TT model T , the exact MCTS node

values at every layer can be computed in O(Ndr2), and the

greedy-optimal solution on T can be retrieved with the same

complexity.

Proof. As shown in (4), each element of T is a product of

TT cores. The MCTS node value at layer j, defined as the
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(a) Top-down view of J(θ1, θ2) over the range [−π, π] for each

joint. Lighter colors (yellow) indicate higher objective values.

(b) 3D surface of J(θ1, θ2), revealing its nonconvex, multimodal structure

with two distinct peaks.

(c) Discretized 10×10 value matrix. Red-star markers indicate the

two optimal configurations.

(d) TT factorization of the value matrix into Q1
∈R

10×3 and Q2
∈R

3×10

at rank r = 3. TT factorization corresponds to matrix factorization in this

low-dimensional illustrative example.

Figure 5. Objective function, discretization, and TT approximation for the 2-DOF IK example. (a) Top-down heatmap of the

value function J(θ1, θ2) over [−π, π]2. (b) 3D surface view of J , clearly showing its nonconvex, multimodal landscape with two

distinct peaks, each corresponding to one kinematic solution. (c) Discretizing onto a 10×10 grid yields a matrix representation;

red-star markers indicate the two optimal configurations. (d) TT-Cross decomposes the value matrix into two low-rank factors

Q1∈R
10×3 and Q2∈R

3×10 at rank r = 3, capturing the dominant structure with significantly fewer parameters.

sum of T over all completions of the current path, is given

by (5). Computing qi[j] requires contracting the d− j right-

side cores, which costs O(r2) per contraction; the right-side

contraction can be precomputed once and reused for all Nj

siblings, giving O(Njr
2) per layer and O(Ndr2) for all

layers.

The greedy-optimal solution is then obtained by traversing

the tree layer by layer, at each step selecting x∗k =
argmaxxk

qi[k]
, which adds only O(Nd) overhead. This

is equivalent to running MCTS on T to full convergence:

since the node values are computed exactly from the TT

model rather than estimated via rollouts, a single greedy pass

recovers the solution that standard MCTS would identify in

the limit of infinite simulations.

Proposition 2. Let T̂ be the true objective landscape (i.e.,

the objective function J(x) on the grid Ωx) and T be its

Tensor Train (TT) approximation (i.e., the TT value model

Q) with ∥T − T̂ ∥∞ ≤ ϵ. Define the respective optimal

solutions as:

x† = argmax
x

T (x), and x∗ = argmax
x

T̂ (x).

Then, the true objective value evaluated at the optimum of

the TT approximation deviates from the true global optimum
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Figure 6. TTTS applied to the 2-DOF IK problem across three iterations. Left: UCB bar charts for Layer-1 (θ1) node selection,

decomposed into exploitation (blue) and exploration (red) components; nodes with black borders are selected, and gray labels

denote accumulated visit counts. Middle: Layer-2 (θ2) value heatmaps conditioned on each selected first-layer node; triangular

markers indicate the top-τ selected second-layer nodes. Right: maintained top-τ candidate solutions after each iteration. As visit

counts accumulate across iterations, the exploration bonus progressively shifts selection toward unvisited regions, enabling

systematic coverage of the full solution space.

by at most 2ϵ, i.e.,

T̂ (x∗)− T̂ (x†) ≤ 2ϵ. (10)

Proof. Let x∗ = argmaxx T̂ (x). By algebraic decomposi-

tion:

T̂ (x∗)− T̂ (x†) ≤
∣∣T̂ (x∗)− T (x∗)

∣∣+
[
T (x∗)− T (x†)

]

+
∣∣T (x†)− T̂ (x†)

∣∣.

The first and third terms are each bounded by ϵ via the

L∞ bound. The middle term is non-positive since x† =
argmaxT , so T (x∗)− T (x†) ≤ 0. Therefore T̂ (x∗)−
T̂ (x†) ≤ 2ϵ.

Proposition 2 quantifies how surrogate approximation

error affects the quality of a surrogate-optimal solution.

We next examine how the subsequent tree search achieves

asymptotic global convergence even when the objective sur-

rogate is approximate. The argument leading to Proposition 3

has two steps: establishing that the TT updates preserve exact

visit counts, and showing that UCB selection with these

counts visits every node infinitely often.

Lemma 1. Under exact residual construction and exact TT

updates, the visit-count model equals the true visit count at

every node and iteration.

Proof. The increments admit an explicit exact representa-

tion because the selected indices are known. Let Bℓγ be the

collection of branches selected in iteration ℓ that terminate at

layer γ. Their count increment is

∆V̂ ℓ
γ =

∑

i∈Bℓ
γ

ei1 ⊗ · · · ⊗ eiγ ,

where eik is the corresponding coordinate vector and

repeated selections, if any, are counted with multiplicity.

Each summand has TT rank one, so their sum has an exact

TT representation with ranks at most |Bℓγ |. This gives a

direct construction of the residual without approximating its

entries.

The guided TT-Cross introduced in Algorithm 1 performs

exactly this construction. Leveraging the fact that the newly

visited indices are precisely known a priori, it constructs its

nested index sets directly from the prefixes and suffixes of

the selected branches. These sets contain all rows R and

columns C supporting the nonzero entries of each unfolding

A of the residual. Hence the skeleton decomposition A =
A:,CA

+
R,CAR,: is exact, where + denotes the Moore–

Penrose pseudoinverse (Goreinov et al. 1997). Using these

support-covering index sets without rank truncation yields

an exact TT representation of the residual (Oseledets and

Tyrtyshnikov 2010).

The count identity now follows by induction. Initially,

both the counts and their TT representations are zero. Exact

TT addition inserts the residual at its terminal layer, while

exact contractions propagate its increments to all ancestor

layers. Each selected branch therefore adds one to the

count of each node on its path and leaves all other counts

unchanged. Applying these updates for all selected branches

preserves the identity at iteration ℓ.

Lemma 2. Consider a finite decision tree with bounded

node values and exact visit counts. Suppose that the search

uses the UCB rule in Eq. (2) with c > 0 and assigns infinite

priority to unvisited children. Then every node of the tree

is visited infinitely often as the number of search iterations

tends to infinity.
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Proof. A logarithmic lower bound on arm visits is stated

in (Kocsis and Szepesvári 2006, Theorem 3). Consider an

infinitely visited parent s. After finitely many expansions,

each visit continues to a child, and infinite priority ensures

that all children are visited at least once. Suppose some

children are visited only finitely often. Since each visit to

s eventually continues to one of its finitely many children,

at least one child is visited infinitely often. Dividing the

UCB scores by
√
log vs preserves their ordering: bounded

exploitation terms vanish, while exploration terms tend

to positive constants for finitely visited children and to

zero for infinitely visited children. Hence a finitely visited

child eventually has a higher UCB score than every

infinitely visited sibling, so UCB selection must revisit it,

a contradiction. Since the root is visited in every iteration,

induction over tree depth proves the claim.

This argument also covers TTTS’s layer-wise top-τ

selection, which retains and extends each selected parent’s

highest-UCB child to a complete branch.

Proposition 3. Let Ωx be a finite discrete decision domain

and J a deterministic objective. Under the exact-count and

UCB selection conditions of Lemmas 1 and 2, the best

objective value found by TTTS converges to the global

optimum as the number of search iterations tends to infinity.

Proof. By Lemma 2, every terminal node is eventually

visited and evaluated using the true objective. Since Ωx is

finite, a global maximizer is evaluated after finitely many

iterations. The best objective value retained by TTTS is

nondecreasing and cannot exceed the global optimum. It

therefore reaches the optimal value and remains equal to it

thereafter, establishing asymptotic global convergence.

Remark (Effect of TT truncation). The analysis

assumes that the visit-count models are updated without TT

truncation. If TT truncation (e.g., TT rounding) is applied to

control their ranks, it introduces approximation error in the

visit counts. A small truncation tolerance can limit this error

in practice, but the theoretical guarantee of Proposition 3

does not directly apply.

Corollary 1. Propositions 1–3 together characterize

TTTS’s efficiency and asymptotic global convergence.

Propositions 1 and 2 are conditioned on the TT

approximation error ϵ: they guarantee near-optimal

initialization when the TT model accurately captures the

objective landscape, with ϵ depending on how accurately

the objective can be represented by a TT model with the

chosen rank. Proposition 3 shows the asymptotic global

convergence thanks to the UCB strategy. Together, TTTS

provides: (i) exact MCTS node value computation in

O(Ndr2) per iteration (Proposition 1), an exponential

improvement over O(Nd) brute-force evaluation; (ii) a

TT-guided initialization concentrating search on 2ϵ-near-

optimal regions from the first iteration (Proposition 2);

and (iii) asymptotic convergence to the global optimum

(Proposition 3).

Remark (conditioning on the context variable). For a

discrete context z taken from the grid of Ωz , conditioning

extracts an exact slice of Q
+, so the conditioned

model Q = Q
+(z) has the same error bound ϵ with

respect to J(· ; z) as the augmented model Q
+. For

a continuous context z, values between grid points

are handled by interpolating neighboring slices, which

introduces an additional interpolation error in Proposition 2.

This interpolation error is typically small when the objective

varies smoothly with z, and it decreases as the grid of Ωz is

refined.

5.5 Toy Examples on Function Optimization

5.5.1 Continuous nonconvex optimization. Many opti-

mization problems in robotics are nonconvex due to obsta-

cles and nonlinear system dynamics. To illustrate both the

strengths and limitations of low-rank TT approximation,

we consider a full-rank nonconvex continuous function (17)

and approximate it using a low-rank TT model with rank

rmax = 2 via TT-Cross. The discrete matrix analogue of

this function, shown in Figure 7b, clearly exhibits full-rank

characteristics. Note that the general objective J in (3) is

defined as J(x) = e−c(x), where c is the cost function. For

better visual clarity, we directly illustrate the landscape of

c in Figure 7b. The detailed definitions are provided in the

Appendix.

Figure 7c shows that the low-rank TT approximation

captures useful structure in the objective landscape, allowing

promising regions to be identified quickly. However,

approximation errors can distort the relative quality of these

regions, so optimizing the TT surrogate alone may not

recover the global optimum of the original objective. TTTS

addresses this limitation by combining TT-guided search

with UCB-driven exploration, which allows the search to

revisit regions underestimated by the surrogate and supports

the asymptotic global convergence discussed above. The

trajectories in Figures 7b and 7c, which track the best

solution found at each iteration, illustrate this mechanism.

Both TTGO and TTTS start from a TT-based initialization

at (−5,−5), which is favored by the TT approximation but

is only a local optimum of the objective function. TTGO

applies gradient-based refinement and remains at this corner.

TTTS, by contrast, explores beyond the region favored by the

surrogate and discovers better solutions along the diagonal

valley of f1, eventually reaching the global optimum at (0, 0)
(Figure 7a). This example shows how the TT approximation

provides initial guidance while tree search enables TTTS to

overcome errors in that approximation.

5.5.2 Mixed-integer programming. We further demon-

strate the effectiveness of our approach in tackling a more

challenging problem: mixed-integer nonlinear programming

(MINLP). Such problems include both nonconvexity due

to nonlinear constraints and the combinatorial complexity

imposed by integer variables. This setting is particularly

difficult because integer variables are discrete and lack gradi-

ent information, rendering standard nonlinear programming

(NLP) solvers ineffective.

Figure 7d illustrates a simple MINLP example, where

x1 is an integer variable ranging from 0 to 10, and x2 is

a continuous variable. The cost function (18) is nonlinear

and exhibits multiple local optima. Figure 7e presents the

discrete matrix analogue of the continuous cost function. We

approximate the function in TT format with rank rmax = 2,

as shown in Figure 7f. The results indicate that even with
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(a) Continuous optimization (b) Original continuous function (c) TT approximation

(d) Mixed-integer optimization (e) Original mixed-integer function (f) TT approximation

Figure 7. Toy examples of function optimization with low-rank tensor-train (TT) approximations. (a–c) Continuous

nonconvex optimization: (a) landscape of a multimodal nonconvex function f1(x1, x2); (b) its contour map; (c) TT-Cross

reconstruction with maximal TT rank rmax = 2, which captures the dominant structure but smooths out fine details. (d–f)

Mixed-integer nonconvex optimization: (d) landscape of f2(x1, x2) with both discrete (x1) and continuous (x2) variables; (e) its

grid-aligned contour plot; (f) TT approximation, which highlights promising regions but may miss the true global optimum. Markers

show the initialization obtained from the TT model, the trajectories of TTGO and TTTS (best solution after each iteration), and the

ground-truth optimum.

a low TT rank, TT-Cross can identify high-quality local

optima, demonstrating the strong modeling and optimization

capabilities of TT. However, the results obtained by TTGO

do not correspond to the global optimum, highlighting that

a low-rank TT approximation may fail to fully capture

the complexity of the original function. In such cases,

TTTS leverages strategic search to efficiently converge to

the global optimal solution. The trajectories in Figures 7e

and 7f illustrate this distinction: TTGO converges to a

local optimum favored by the TT approximation despite

gradient-based refinement, whereas TTTS explores beyond

this region through subsequent tree search and reaches the

global optimum of the original objective.

Remark on the TT approximation. The accuracy of

the TT approximation governs the speed of convergence,

not convergence itself, and two complementary regimes

arise in practice. When the TT model approximates the

decision tree accurately, it captures the global landscape

from a small number of function evaluations, and TTTS

identifies near-optimal solutions from the very first iterations

(Proposition 2 with small ϵ). When the approximation is

less accurate, the TT model introduces nonzero ϵ but still

captures the dominant features of the objective landscape,

providing an informative warm-start that concentrates early

MCTS exploration near promising regions. This is illustrated

in Figure 7(c), where even a rank-2 approximation of a

high-rank (rank 1000 on its 1000× 1000 grid) continuous

function effectively highlights high-value regions. By

combining this TT-guided initialization with UCB-driven

tree search, TTTS achieves both efficient exploration and

global convergence. In both regimes, TT-Cross efficiently

exploits the correlations among decision variables to

construct a global approximation of the entire decision

tree from a limited number of function evaluations, which

provides informative guidance for the subsequent tree search.

A low TT rank may lead the approximation to retain only

a subset of the solution modes rather than all of them.

However, the retained modes still provide multiple diverse

candidates, richer than the single solution provided by local

approximation methods. The subsequent tree search and

refinement further explore beyond these candidates and can

discover solutions not covered by the TT approximation.

6 TTTS for Generalized Robot Optimization

We now instantiate (3) for generalized robot optimization,

such as inverse kinematics, motion planning, multi-stage
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motion planning, and model predictive control. These

problems correspond to a large set of mathematical

programs, including nonlinear programming (NLP), large-

scale (a.k.a. high-dim) NLP and mixed-integer nonlinear

programming (MINLP). In particular, we leverage basis

functions to reduce the dimensionality in large-scale NLP

formulations, and the choice of basis functions remains

flexible.

We describe the notation and variables:

• K the number of discrete modes (a.k.a. stages).

• mk ∈M the discrete mode at stage k, chosen from a

finite (or countable) setM.

• ak ∈ A the discrete action at stage k, chosen from the

finite action set A.

• xt
k ∈ Ωx ⊆ R

n a continuous state (or configuration)

at stage k at time t.

• ut
k ∈ Ωu ⊆ R

p a continuous control input at stage k

at time t.

• T trajectory length for each stage.

• B = B1 + · · ·+BK , the total number of basis

functions, where Bk denotes the number of basis

functions at stage k.

• Ψk ∈ R
T×Bk a chosen set of basis functions for stage

k, used to reconstruct the continuous control from

weights.

• wk ∈ Ωw ⊆ R
Bk the vector of basis weights at stage

k. We let u
[T ]
k = Ψk wk, encoding the continuous

trajectory in basis form.

• c(mk, ak, x
t
k, u

t
k) stage cost (e.g., energy, distance,

penalty) at time t in stage k.

• cterminal(x
T
K) terminal cost, e.g. capturing the final

configuration error.

• ϕ(·) ≤ 0, ψ(·) = 0 general inequality/equality con-

straints (kinematic limits, collision avoidance, dynam-

ics, boundary conditions).

The decision variable is x = (a1, . . . , aK , ,w1, . . . ,wB),
collecting both the discrete action modes and the continuous

basis weights. We use a bracket subscript for sequences

(e.g., x
[T ]
k represents the full trajectory at stage k, and u

[T ]
[K]

represents the control variables across all stages and time

steps). The robot optimization problem is:

min
a[K],u

[T ]

[K]

K∑

k=0

∫ T

0

c
(
mk, ak, x

t
k, u

t
k

)
dt + cterminal

(
xT
K

)

(11)

s.t. u
[T ]
k =

B∑

b=0

Ψb
k w

b
k, (12)

∀Kk=0 mk+1 ∈ succ
(
mk, ak, x

[T ]
k , u

[T ]
k

)
,

(13)

∀Kk=0 ϕ
(
mk, ak, x

[T ]
k , u

[T ]
k

)
≤ 0, (14)

∀Kk=0 ψ
(
mk, ak, x

[T ]
k , u

[T ]
k

)
= 0, (15)

(m0, x
0
0) = (minit, xinit), (16)

where:

• (12) encodes the full trajectory of decision variables

using basis functions.

• (13) enforces the allowed transition to mk+1 in the

discrete mode set M, given the current mode mk,

discrete action ak, and the continuous trajectories x
[T ]
k ,

u
[T ]
k .

• (14) and (15) represent the system dynamics,

consistency of different modes, and other physical

constraints.

• minit and xinit denote the initial mode and state.

This formulation covers a wide range of robotic tasks:

Inverse Kinematics (IK) Set T = 1, K = 1. The decision

variable is w1 with u1 = Ψ1w1, and the cost measures end-

effector positioning error subject to joint-limit and collision

constraints.

Motion Planning (MP) Set K = 1 with trajectory length

T . The decision variable is w encoding the full joint

trajectory via basis functions.

Multi-stage Motion Planning (MsMP) Use K stages,

where at each stage k the discrete action ak ∈ A, modemk ∈
M, and continuous trajectory u

[T ]
k = Ψkwk must satisfy

collision-free motion, piecewise dynamics, and valid contact

transitions.

To apply TTTS to (11), we construct the search space

Ωx as a d = K +B layer decision tree: the first K layers

index the discrete action choices (each with |A| options), and

the remaining B layers index the discretized basis weights

(each with N grid points). TTTS then optimizes over this

index space as described in Section 5, recovering the optimal

x∗ = (a∗[K],w
∗), followed by CMA-ES refinement of the

continuous weights.

7 Experimental Results on Generalized

Robot Optimization

The toy examples in Section 5.2 establish the algorithm’s

core properties on simple function optimization. In this

section, we further evaluate TTTS on a diverse set of

robotic tasks to demonstrate its broad applicability. We

conduct ablation studies to assess the contribution of each

component and compare against state-of-the-art baselines.

Hyperparameters and cost functions for each task are

detailed in the appendix.

7.1 Inverse kinematics

Building on the 2-DOF IK example in Section 5.3, we here

evaluate TTTS on 3-DOF and 7-DOF manipulators (denoted

IK1 and IK2) with collision avoidance. This corresponds to

T = 1, K = 1 in (3), with continuous decision variables u

subject to joint limits, collision avoidance, and reachability

constraints.

We randomly generated five targets in the ablation

study to analyze the necessity of each component of

TTTS, which consists of three main components: TT-Tree

Initialization, TT-Tree Search, and TT-Tree Refinement.

TT-Tree Initialization typically requires some computation

time due to TT-Cross approximation (particularly for high-

dimensional systems), but this process is performed offline.

At this step, the state space is augmented with task variables,
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Figure 8. Ablation studies for diverse robotics tasks. Error denotes the ℓ2 norm between the final and target configurations.

Total Cost refers to the value of the cost function for the obtained solution. Time indicates the net algorithmic runtime required to

find the solution.

enabling rapid task-conditioned retrieval for TT-Tree Search.

In our experiments, we set rmax = 21 for both the 3-joint

and 7-joint manipulators (which we refer to as IK1 and

IK2 in Figure 11), resulting in a coarse approximation of

the full decision tree. Notably, obstacle avoidance tends to

make the TT approximation less accurate. As shown in

Figure 8 (A), TT-Tree Initialization alone does not yield the

global optimum, highlighting the limitations of using TT

approximation by itself. However, after performing TT-Tree

Search and Refinement, the final task-space error is zero,

indicating that the globally optimal solution was successfully

found.

We further compared TTTS against state-of-the-art

baselines: TTGO, MCTS, and CMA-ES. TTGO and MCTS

can each be viewed as special cases of TTTS. TTGO relies

on direct TT sampling instead of UCB-driven tree search,

while MCTS operates without TT guidance. CMA-ES is a

gradient-free, sampling-based method well-suited to robotic

problems with nonlinear objectives and obstacle avoidance

constraints. As shown in Figure 11, TTTS, MCTS, and

CMA-ES all recover the global optimum, whereas TTGO

does not, as it lacks UCB-driven exploration and therefore

does not achieve asymptotic convergence. Among the three

successful methods, TTTS is the fastest, confirming that TT

guidance substantially accelerates the search.

7.2 Motion planning around obstacles

We further applied our framework to a motion planning

problem in which a robot must generate a smooth, collision-

free trajectory from a given start to a goal configuration.

The problem is formulated over T time steps, where the

continuous trajectory is represented using basis functions

as u[T ] =
∑B

b=1 Ψ
b wb, and the optimization variables are

the corresponding weights {wb}Bb=1. The objective is to

minimize a cost function that encourages smooth motion

(e.g., penalizing velocity or acceleration), while ensuring

accurate goal reaching. The constraints include joint limits

and collision avoidance with static obstacles.

Figure 9 (A) presents our first test scenario: a 3-joint

manipulator reaching task, which we refer to as MP1. This

task is particularly challenging because the target lies on

the opposite side of the robot, with two circular obstacles

obstructing the direct path. The trajectories found by our

approach exhibit multiple solution modalities under the

same initial configuration and target. Notably, the first two

trajectories shown in the figure require the manipulator

to initially move away from the target and then pass

through a narrow passage between the obstacles, which

is not easy to find and requires long-horizon anticipation.

This setting involves numerous local optima and a narrow

feasible solution space, necessitating long-horizon planning

rather than short-horizon control. The results illustrate our

framework’s ability to overcome local optima and support

long-term decision-making. We further applied our approach

to a 7-joint manipulator reaching task, which we refer to

as MP2. The robot arm must move its end-effector from

one level of the shelf to another while avoiding obstacles,

such as the shelf frame, across its entire body surface. This

setup is representative of daily tasks such as pick-and-place

or bookshelf arrangement. Figure 1 (B) shows the resulting

trajectories, where end-effector paths are visualized as

curves. Different colors indicate distinct solutions discovered

by the algorithm.

Figure 8 (B) presents the ablation study of TTTS applied

to motion planning (MP) problems. As the three stages

of TTTS are applied, both the final state error and the

total trajectory cost consistently decrease, demonstrating the

effectiveness of each component. The final errors for both

tasks are zero, indicating that a collision-free joint trajectory
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was successfully found to reach the target. An interesting

observation is that TT-Tree Initialization takes longer for task

MP1 than for MP2, as MP1 is a more challenging problem

with more local optima. Accordingly, we set rmax = 41 for

MP1 and rmax = 21 for MP2. The TT approximation in

MP1 achieves high accuracy, and further iterations of TT-

MCTS provide limited improvement. This suggests that,

with sufficient storage capacity, we can use higher TT

ranks for more accurate tree approximation, accelerating

online inference. In contrast, the results of MP2 highlight

the effectiveness of TTTS under limited storage conditions,

where low-rank TT approximations still capture informative

representations of complex decision trees. The integration

of TT approximation with UCB-driven exploration enables

TTTS to effectively search complex, multimodal solution

space and reliably converge to high-quality solutions.

Figure 11 compares TTTS with other optimization

methods in terms of Final Error, Total Cost, and Runtime.

Final Error denotes the ℓ2 norm between the system’s final

and target configurations. Total Cost refers to the value of the

cost functions evaluated at the obtained solution, with the

cost functions described in Section A.4. Runtime indicates

the net algorithmic runtime required to find the solution,

excluding forward rollout evaluations (i.e., physics simulator

calls), as rollout speed is task-dependent and does not reflect

the computational efficiency of the algorithm itself. From

the Final Error and Total Cost, we observe that TTTS

achieves results comparable to MCTS when the latter is

given sufficient time, highlighting TTTS’s ability to find

similar global solutions. The Runtime further shows that

TTTS requires significantly less computation time. TTGO

performs well for MP2, but it struggles in MP1 due to the

complex cost landscape, which shows TT approximation

alone is insufficient to capture all necessary features. In

contrast, TTTS leverages strategic tree search to explore the

decision space more effectively, achieving global solutions

almost surely. CMA-ES also fails in MP1 because the narrow

passage between obstacles challenges its single-modality

evolutionary strategy, causing it to be trapped in local

optima. These experiments highlight both the computational

efficiency of TTTS, enabled by the TT approximation of

the decision tree, and its global solution-finding capability,

enabled by TT contractions and the strategic search adopted

from MCTS.

In addition, we compared TTTS with two widely-

used approaches for obstacle-avoidance motion planning:

VP-STO (Jankowski et al. 2023) and the Probabilistic

Roadmap combined with trajectory optimization (PRM+TO)

(Gasparetto et al. 2015). To evaluate performance, we

randomly generated five targets and applied the approaches

to compute the joint trajectories required to reach them.

The comparison results, including reaching error, total cost,

and computation time, are reported in Figure 10. We also

visualize the manipulator trajectories for one of the targets,

where TTTS and PRM+TO both find a solution, while VP-

STO struggles with the narrow passage. From the table,

we observe that TTTS achieves performance comparable to

PRM+TO while requiring less computation time, thereby

demonstrating its computational efficiency. In contrast, VP-

STO results in higher error due to its reliance on a good initial

guess and its inability to handle multimodal solution spaces.

7.3 Legged Robot Manipulation

In addition to motion planning around obstacles, we also

evaluated our approach on a contact-rich manipulation task

using a legged robot (Zhu et al. 2023). As illustrated in

Figure 1(C), a solo robot manipulates a cube of size 10×
10 cm under a joint impedance controller in the Genesis

simulator (Zhou et al. 2024). The cube, weighing 0.05kg,

is required to pivot about the y-axis by a certain angle. This

task is challenging because the robot must coordinate contact

interactions with the object while maintaining stability,

handle the hybrid dynamics arising from intermittent

contacts, and plan a smooth motion under impedance control.

Small errors in trajectory generation can cause the cube to

slip, fail to pivot, or destabilize the supporting leg. To solve

this task, we define the cost function as a weighted sum

of the terminal pose error and the average cube velocity,

with details provided in the appendix. During planning, we

optimize the Cartesian-space position trajectory for each leg

tip. Both legs are then controlled via impedance control with

default parameters of Kp = 100 N/m and Kv = 10 N·s/m.

To enable stable pivoting against gravity, we increase the

stiffness of the left leg to Kp = 2000 N/m along the y- and

z-axes.

Figure 11 reports the comparison of TTTS with other

methods on this task. TTTS and MCTS achieve similar

performance in terms of reaching error and total cost,

highlighting TTTS’s asymptotic completeness comparable to

MCTS, while TTTS requires significantly less computation

time owing to TT approximation of the decision tree. In

contrast, TTGO and CMA-ES perform worse. This further

underscores the importance of TT factorization and strategic

search for effectively solving this challenging task.

7.4 Multi-stage motion planning

Multi-stage motion planning encompasses a broad class

of realistic robotic problems, such as multi-stage forceful

manipulation (Holladay et al. 2024) and multi-primitive

sequencing (Xue et al. 2024c). The objective is to generate

a trajectory that enables a robot to interact intelligently with

its environment, typically involving contact mode switches

(e.g., sticking, sliding, or transitioning between different

manipulation primitives). In this article, the trajectory is

parameterized by a sequence of basis weights wk, such

that the continuous state at each stage is given by uk =
Ψkwk. Discrete modes mk represent different contact or

task-specific phases. The optimization aims to minimize a

total cost consisting of smoothness penalties, control effort,

and task-specific objectives, while satisfying constraints such

as collision avoidance, dynamics, and mode transitions.

We use face-switching planar pushing (Doshi et al. 2020;

Xue et al. 2023) as a representative hybrid manipulation

task. In this problem, a robot needs to push a cube

from an initial configuration to a target configuration

under underactuated dynamics, while deciding both the

continuous end-effector velocity trajectory and the discrete

contact-face sequence. This task is difficult because the

nonlinear dynamics and hybrid discrete-continuous decision

structure pose significant challenges to both gradient-based

and sampling-based optimization methods. The purpose

of this experiment is to evaluate whether our approach
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Figure 9. multimodal solutions for motion planning around obstacles and face-switching planar pushing. (A) 3-joint

manipulator motion planning with multimodal solutions. The trajectory is visualized using a red-to-green color spectrum to indicate

temporal evolution. (B) Face-switching planar pushing task with multimodal solutions. Given the same initial configuration

[0.25, 0.25,−π
2
] and target [0.25, 0.25,−π

2
], our algorithm can find diverse solutions to accomplish the task, by jointly optimizing

over discrete contact faces and continuous motion variables. The black edge of the rectangle indicates the cube’s orientation. The

number of face switches varies from 0 to 2.

can efficiently solve hybrid decision-making problems

involving nonlinear dynamics. We formulate this task as an

optimization problem with 4 discrete contact-face variables,

each taking values in {0, 1, 2, 3}, and 4 continuous B-spline

control weights that parameterize the continuous motion

using basis functions. After discretizing each continuous

dimension into 30 grid points and allowing up to 4 contact-

face selection stages, each with 4 possible face choices, the

resulting MINLP has a search space of 44 × 304 grid points.

As shown in Fig. 9(B), our method discovers multiple cube

trajectories for the same initial and target configurations,

highlighting the multimodal structure of the solution space.

These solutions exhibit different numbers of face switches,

ranging from 0 to 2, together with diverse and smooth

continuous trajectories.

Figure 8 (C) presents the ablation study for this task.

The TT approximation of the decision tree is obtained with

a rank setting of rmax = 41. The results show that the TT

approximation alone is not sufficiently accurate to capture

the full landscape of the objective function. However, the

subsequent tree search significantly improves the solution

quality, and the final refinement step enables convergence

to the global optimum. An interesting observation is

that, compared with the policy learning formulation (i.e.,

infinite-horizon dynamic programming) proposed in (Xue

et al. 2024b, 2025), this finite-horizon planning formulation

requires a significantly higher TT rank to accurately

represent the objective function. This is because trajectory-

level planning uses decision variables (i.e., basis weights)

that influence the entire trajectory, where small changes

can induce large, structured variations, necessitating higher

representational capacity to capture complex temporal

dependencies. This further motivates the necessity of

combining TT approximation with tree search, rather than

relying on TT alone.

Figure 11 compares TTTS with other approaches. CMA-

ES struggles with this problem (indicated by diagonal

hatching in the bar chart) because it involves both discrete

and continuous decision variables. Both TTTS and MCTS

successfully reach the final target, but TTTS requires less

computation time owing to the TT factorization of the

decision tree. TTGO is highly efficient in terms of runtime,

but its solutions are less accurate due to the absence of

the strategic search incorporated in TTTS. Overall, these

experiments highlight both the computational efficiency and

the global solution-finding capability of TTTS.

7.5 Comparison with Neural-Guided MCTS

and MINLP Solvers

We compare TTTS with AlphaZero-MCTS (Silver et al.

2017), NN-surrogate MCTS, plain MCTS, and Differential

Evolution (DE) for MINLP (Storn and Price 1997; Virtanen

et al. 2020). The two neural-guided baselines use neural

networks to guide MCTS in different ways. AlphaZero-

MCTS trains policy and value networks through self-play

to guide node selection and leaf evaluation, respectively.

NN-surrogate MCTS replaces the TT surrogate with a

neural network trained on the same data to approximate
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(a) TTTS (b) VP-STO (c) PRM+TO

TTTS VP-STO PRM+TO

Error Total Cost Comp. Time (s) Error Total Cost Comp. Time (s) Error Total Cost Comp. Time (s)

0.00 ± 0.00 0.56 ± 0.74 1.00 ± 0.03 0.07 ± 0.13 3.67 ± 6.85 2.52 ± 2.43 0.00 ± 0.00 0.41 ± 0.51 1.87 ± 0.34

Figure 10. Comparison of TTTS, VP-STO, and PRM+TO. The red cross indicates the reaching target. TTTS and PRM+TO

successfully generate optimal manipulator trajectories, while VP-STO fails in the narrow passage. The table reports reaching error,

control cost, and computation time, highlighting TTTS’s superior efficiency.

Figure 11. Comparison of TTTS, TTGO, CMA-ES, and MCTS with respect to final reaching error, total control cost, and

runtime. IK1 and IK2 represent the 3-joint and 7-joint inverse kinematics tasks, respectively. MP1 and MP2 correspond to the

3-joint and 7-joint manipulator reaching tasks with obstacle avoidance. MsMP denotes the planar pushing task with a face-switching

mechanism, and LegMani refers to the legged robot manipulation (cube pivoting) task. Diagonal patterns in the bar charts indicate

that CMA-ES is incompatible with MsMP task.

the same objective J(x), while retaining the other search

components to isolate the contribution of the surrogate

representation. Plain MCTS uses the same decision tree

without a surrogate and estimates node values through

rollouts evaluated with the true objective. The planar pushing

task and 3-joint manipulator motion planning are used to

evaluate the performance of TTTS against these baselines.
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(a) Distributions of final trajectory costs across five test scenarios. In

most experiments, TTTS produces lower final trajectory costs with less

variability than AlphaZero-MCTS, MINLP-DE, and plain MCTS.

Method

Pretraining

Time

Online

Wall Time

Online

Net Time

AlphaZero-MCTS 4.77 h 26.1 ± 0.1 s 0.72 ± 0.04 s

MINLP-DE 0 693.4 ± 7.0 s 1.67 ± 0.03 s

Plain MCTS 0 711.4 ± 6.5 s 3.54 ± 1.48 s

TTTS (ours) 10.5 s 3.1 ± 0.0 s 0.12 ± 0.05 s

(b) Pretraining time and online search time per scenario. Online wall

time includes simulator rollouts; online net time excludes them. TTTS

requires less pretraining time than AlphaZero-MCTS and less online

search time than all three baselines.

Figure 12. Solution quality and computational efficiency on planar pushing. We compare TTTS with AlphaZero-MCTS,

MINLP-DE, and plain MCTS. (a) Final trajectory costs show that TTTS produces higher-quality solutions with less variability. (b)

Pretraining and online search times highlight the computational efficiency of TTTS: AlphaZero-MCTS requires extensive offline

training, while MINLP-DE and plain MCTS require substantially longer online searches.

Unlike TTTS, AlphaZero-MCTS does not approximate

the objective J(x) itself. Instead, it learns policy and value

networks that operate on partial assignments of the decision

variables, and selects nodes using the PUCT rule. On

planar pushing, both methods search over the same decision

variables, and refine the continuous candidates with CMA-

ES. The architectures, training procedures, query budgets,

and search settings are detailed in Table 2 in the Appendix.

Figure 12 compares solution quality and computation

time. AlphaZero-MCTS performs well in four of the five

scenarios but fails in one, with a cost more than four times

that of TTTS, resulting in greater variability across scenarios.

This suggests that 4.77 hours of pretraining are insufficient

for reliable generalization across all tested instances,

although additional training may improve performance.

TTTS requires only 10.5 seconds to construct a global TT

surrogate that effectively guides online search. MINLP-DE

requires no pretraining but achieves only moderate solution

quality despite a substantially longer online search. TTTS

gains efficiency by exploiting correlations among decision

variables to construct a compact surrogate over the full

search space, which directs the search toward low-cost

regions with far fewer objective evaluations than MINLP-

DE.

We note that AlphaZero-style methods are powerful in

highly challenging settings with large decision spaces, such

as Go, but require substantial training investment. The

robot optimization problems considered in this work are

individually of moderate difficulty, yet span a broad and

heterogeneous range of task types, making it impractical

to invest substantial training effort for each task. TTTS is

well suited to this setting, as it replaces sample-inefficient

RL training with TT approximation, which can effectively

exploit the correlations among decision variables and enable

efficient offline construction of a surrogate for subsequent

tree search..

The comparisons in Fig. 12 evaluate the complete

pipelines, without analyzing the specific contribution of the

TT surrogate. To isolate this contribution, we compare TTTS

with NN-surrogate MCTS using identical training data, equal

parameter counts, and matched search budgets. The NN

surrogate is a multilayer perceptron (MLP) trained on the

query points and corresponding objective values collected

by TT-Cross during construction of the TT surrogate. NN-

surrogate MCTS uses a standard node-based search tree that

explicitly stores the visit count v and cumulative reward

q in Eq. (2) for each expanded node, without using a TT

representation.

Both methods use the UCB rule in Eq. (2) with c =
3, but differ in how they use their surrogates to compute

node values and sample completions. TTTS computes node

values by exact TT contraction, summing the surrogate

over all completions of a partial assignment, and samples

completions directly from the TT. NN-surrogate MCTS

estimates the same node values from neural-network

predictions on sampled completions and draws completions

through importance resampling, using those predictions as

weights. Neither method applies continuous refinement, so

the reported costs reflect tree search alone. We evaluate

the methods on planar pushing (five initial slider poses)

and 3-joint motion planning (three goal configurations),

each with 10 random seeds. Appendix A.3 provides further

implementation details.

Figure 13 presents comparisons for matched training

data, parameter counts, and search budgets, where the NN

surrogate is an MLP with three hidden layers and the same

number of parameters as the TT surrogate (1× TT size).

Under these conditions, TTTS achieves lower costs than

NN-surrogate MCTS at every iteration on both tasks. On

planar pushing, TTTS finds a high-quality solution within

the first iteration and converges after three iterations, whereas

NN-surrogate MCTS yields higher costs and improves only

gradually. On 3-joint motion planning, TTTS attains a low

cost already in the first iteration and continues to improve,

whereas NN-surrogate MCTS remains at substantially higher

costs. We further consider NN surrogates with 10, 20, and

50 times the number of parameters of the TT surrogate.

The 10× and 20× networks are MLPs with six hidden

layers, and the 50× network is a residual MLP with twelve

hidden layers. On planar pushing, the larger NNs bring no

noticeable improvement. On 3-joint motion planning, they

narrow the gap relative to the 1× MLP, but increasing the

size beyond 10× yields only marginal gains, and even after

20 iterations, none of them reaches the cost that TTTS
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Figure 13. Controlled comparison of TT and NN surrogates for MCTS. Both methods use the same UCB rule and perform the

same number of true objective evaluations per iteration. The surrogates use identical training data, with the NNs trained on all

TT-Cross queries. The NNs have 1× to 50× as many parameters as the TT. (a, c) Best trajectory cost versus MCTS iteration (mean

± standard error). (b, d) Node-value accuracy versus computation time per node value. TT node values are computed by TT

contraction, whereas NN node values are estimated from sampled completions.

attains in its first iteration. These results indicate that the

TT surrogate provides an effective global approximation of

the objective function from limited training data, enabling

efficient guidance of the tree search. In comparison, the NN

surrogates are trained to fit the objective at the sampled

points, but fail to capture the global structure needed for tree-

search guidance, even with fifty times as many parameters.

Figure 13(b, d) further examines the accuracy and

computational cost of node-value estimates obtained from

the two surrogates. Each node value aggregates the objective

over all completions of a partial assignment. TT contraction

(Eq. (5)) computes this aggregate exactly for the TT

surrogate, whereas the NN estimates it from predictions on

sampled completions. We assess node-value accuracy using

the best-child accuracy, i.e., how often the child with the

highest estimated value coincides with the best child under

a reference computed with the true objective. Since the

search favors the most promising child, a higher best-child

accuracy indicates that the surrogate more reliably directs

the search toward the right branch. As shown in the figure,

TT contraction yields both higher best-child accuracy and

shorter computation time per node value on both tasks. On

planar pushing, the larger NNs are no more accurate than the

1× MLP, while being slower. On 3-joint motion planning,

the larger NNs improve the accuracy over the 1× MLP,

consistent with their better search performance, but remain

less accurate and slower than TT contraction. The efficiency

of TT stems from computing the aggregate directly through

the TT cores, without explicitly sampling completions.

In comparison, NN-based estimation requires generating

completed assignments and evaluating the network on these

samples, so its computational cost grows with the network

size. These results indicate that TT contraction provides

more reliable and efficient node values for guiding tree

search.

These comparisons demonstrate the benefits of TTTS rel-

ative to neural-guided baselines in the evaluated tasks. Com-

pared with AlphaZero-MCTS, TTTS reduces offline compu-

tation significantly and produces more consistent solutions.

Compared with NN-surrogate MCTS under matched data

and search budgets, TTTS achieves lower solution costs at

every iteration, even against an NN surrogate with fifty times

as many parameters, while computing node values more

efficiently. These findings highlight two advantages of the

TT surrogate in offline construction and online search. First,

TT-Cross actively explores the decision tree to construct a

global approximation of the objective function, providing

informative guidance for subsequent search. Second, the

TT representation enables accurate and efficient node-value

computation through exact marginalization of the surrogate

over unassigned decision variables, identifying the best

branch more reliably and at lower computational cost than

the NN surrogates trained on the same data.
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7.6 Analysis of Offline-Online Computation

Budget

Figure 14. Trade-off between offline TT-Cross pretraining and

online MCTS search for planar pushing task. Final pose error is

plotted against online MCTS iterations for four pretraining

budgets (TT rank r ∈ {5, 10, 20, 50}). Heavier pretraining

(larger r) yields a better warm-start and faster convergence to

the success threshold (dashed line); all budgets ultimately

achieve comparable accuracy below this threshold.

Fig. 14 illustrates the convergence behavior of MCTS

under four offline TT-Cross pretraining budgets, measured

by final pose error plotted against online MCTS iterations.

The results reveal a clear trade-off: heavier offline pretraining

(larger TT rank r) yields a substantially better warm-

start for online search, enabling faster convergence and

fewer iterations to reach the success threshold (dashed

line). Specifically, the Heavy budget (r=50) produces an

initial solution close to the threshold at iteration 1 and

crosses it within one additional iteration, while the Light

budget (r=5) requires approximately 9–10 iterations to

cross the same threshold. Importantly, all budgets ultimately

converge to comparable low-error solutions (below 0.02

m) given sufficient online iterations, demonstrating that the

method remains applicable even under constrained hardware

resources, at the cost of a larger online search budget. This

flexibility allows practitioners to shift computation between

the offline pretraining phase and the online computation

phase according to available resources, making the approach

suitable for a wide range of deployment scenarios.

Furthermore, since TT approximation is inherently compact

and requires only linear memory to approximate the full

exponential tree, TTTS is naturally suited for memory-

limited hardware.

7.7 Model Predictive Control for bimanual

whole-body manipulation

We evaluate our approach using a Model Predictive Control

(MPC) formulation applied to a bimanual whole-body

manipulation task. This task is particularly challenging

due to complex contact dynamics between objects, the

whole-body geometry of the robot, and interactions with

the environment, all of which make accurate modeling

difficult. Physical simulators such as MuJoCo (Todorov

et al. 2012) and IsaacGym (Liang et al. 2018) can help

address these challenges. However, the resulting sim-to-

real gap necessitates the use of real-time MPC. Given the

simulator as a black-box forward dynamics model, sampling-

based MPC becomes a promising approach, as it does not

rely on explicit gradient information. Nevertheless, such

methods often suffer from high sample complexity and

slow convergence, limiting their practicality for real-world

deployment. In this experiment, we aim to demonstrate that

TTTS can quickly find high-quality solutions to support real-

time, sampling-based MPC. Specifically, we use Genesis

(Zhou et al. 2024) as the simulator due to its parallel

simulation capabilities, and the number of environments is

set to 500.

Figure 15 illustrates the performance differences between

TTTS, TTGO, MCTS, and CMA-ES. The computation time

is limited to 1 second. A task is considered successful if

the angular error at the final timestep satisfies |θ − θ∗| <
3◦, where θ is the object’s final z-axis orientation and

θ∗ is the desired target angle. We evaluate five randomly

generated configurations and report success rate, final state

error, and total trajectory cost. TTGO achieves a decent

success rate with a low TT rank (rmax = 10), but its

limited accuracy leads to occasional failures. MCTS offers

asymptotic completeness guarantees but requires more time,

making it impractical for real-time MPC. CMA-ES also

performs poorly due to slow convergence. In contrast,

TTTS first approximates the decision tree in TT format,

which accelerates convergence toward promising regions.

It then performs a TT-based tree search, enabling efficient

exploitation and strategic exploration. The results, including

final error and total cost, confirm the effectiveness of TTTS

in supporting real-time MPC for contact-rich manipulation.

Figure 15. Comparison for bimanual whole-body

manipulation. The blue bars represent the final state error

achieved by different methods, while the orange bars

correspond to the total cost.

7.8 Real-world experiments

We validated our approach in the real world through the

whole-body bimanual manipulation task. Two 7-DoF Franka

robots and a RealSense D435 camera were used. The

manipulated object was a large box with the size of 36cm×
26cm× 34cm, which is representative of objects commonly

found in warehouse applications. The task was to rotate the

box to a target orientation and then lift it. It involved complex

contact interactions among the robots, the object, and the

table, as well as the full-body surface geometry of the two

robot arms, making the system particularly difficult to model.
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(a) (b) (c)

(d) (e) (f)

Figure 16. Keyframes of bimanual whole-body manipulation. The system is initialized as (a), and the objective is to rotate the

box 90◦ and then lift it as (f). We can observe that the robots can actively exploit whole-body geometry to make and break contacts

with the object, completing the overall task successfully.

(a) TTTS Results (b) CMA-ES Results (c) TTTS Robustness Evaluation

Figure 17. Statistical analysis of real-world bimanual whole-body manipulation. The objective is to rotate the box by 90◦. A

trial is considered successful if the box is rotated beyond 80◦ (indicated by the dashed line in the plots). (a) and (b) present the box

orientation trajectories produced by TTTS and CMA-ES, respectively, showing that TTTS achieves a significantly higher success

rate. To further assess TTTS robustness, additional experiments were conducted by varying initial position, adding weight on the

box, combining both variations, and altering the initial orientation, as illustrated in (c).

To address this, Genesis (Zhou et al. 2024) is utilized

to predict the box trajectory given a sequence of control

commands, thereby eliminating the need for manual

modeling of the complex system dynamics. Initially, a TT

approximation augmented with the object pose is obtained

via TT-Cross. During execution, conditioned on the current

object pose, a tree search is performed for 3 iterations. This

typically yields effective results due to the guidance provided

by the TT approximation.

Following a model predictive control (MPC) paradigm

to bridge the sim-to-real gap, a 9-second trajectory is

generated at each 1-second time step. Figure 16 presents

keyframes from a representative task of rotating the box

by 90◦. Notably, the robot’s geometry is actively utilized

to establish contacts with the object, enabling whole-

body bimanual manipulation. Furthermore, a comparative

evaluation between TTTS and CMA-ES was conducted

across five trials each, with the results summarized in Figure

17a and Figure 17b. Given a tolerance of 10◦, TTTS achieves

a 100% success rate, whereas CMA-ES achieves only 40%

under similar computational budgets. This highlights the

superior sampling efficiency of TTTS, which stems directly

from the tensor factorization.

To evaluate the robustness of the proposed method,

we further tested it under several variations, including

changes in the initial position, adding weight to the box

(Figure 18), combining both variations, and altering the

initial orientation. The corresponding box trajectories are

presented in Figure 17c. We observe that changes in the

initial position and orientation have little effect on TTTS

performance, thanks to the feedback mechanism embedded

in MPC. However, adding weight results in slightly worse

performance because of the sim-to-real gap. Nevertheless,

even with this gap, the box can still be reoriented by more

than 70◦, which demonstrates the robustness of our approach

under model uncertainty. More tasks and comparisons are

presented in the accompanying video.
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Figure 18. Experimental setup with mass perturbation. A

1.2 kg external mass is introduced to evaluate the robustness of

TTTS against model mismatch between the real world and the

Genesis simulation.

8 Conclusion and Future Work

In this work, we present Tensor Train Tree Search (TTTS),

which combines tensor factorization with Monte Carlo Tree

Search for generalized robot optimization. The key idea is

to represent the full decision tree as a high-dimensional

tensor and obtain a compact TT approximation covering all

candidate branches. This TT model serves as an informative

global guide, in which node values at every layer are

efficiently computed via TT contractions, concentrating early

exploration near high-value regions. Furthermore, UCB-

driven strategic search in MCTS is employed for asymptotic

global convergence. We demonstrate the effectiveness of

TTTS across diverse domains in simulation, including

inverse kinematics, motion planning around obstacles, planar

pushing with face switching, and legged robot manipulation.

Furthermore, a real-world experiment on bimanual whole-

body manipulation highlights the practical efficiency of

TTTS in enabling fast sampling-based model predictive

control.

While these results establish the promise of TTTS, several

open challenges remain. TTTS is currently formulated under

a deterministic action execution assumption, where each

action sequence yields a consistent system output, which

is a natural assumption for standard model-based planning

and control. However, this assumption may not hold in

the presence of real-world stochasticity. Looking ahead,

extending TTTS to stochastic settings (e.g., via chance-

constraint formulations, robust cost objectives, or belief-

space tree search) represents a promising direction for further

broadening its applicability.

In this work, we apply TT-Cross to obtain the TT model

by actively querying function values, but TT-Cross faces

scalability issues in very high-dimensional settings (e.g.,

with visual observations). To address this limitation, TT

cores can be learned via neural networks in a data-driven

manner (Dolgov et al. 2023; Steinlechner 2016; Novikov

et al. 2021).

Beyond TT, we can also explore improvements to the

tree representation itself. In this work we employ the

standard TT format to approximate the decision tree and

exploit its separable structure, which improves both search

efficiency and memory usage. For future work, we aim to

investigate Quantized Tensor Train (QTT) decomposition

(Dolgov et al. 2012), which provides a multi-resolution

embedding by reshaping each dimension into a sequence

of binary (or small) modes. This hierarchical representation

aligns naturally with the layered structure of decision

trees, enabling coarse-to-fine reasoning and facilitating more

efficient branch-and-bound procedures that can significantly

reduce computation time for global optimization.

In our current implementation, Genesis (Zhou et al.

2024) is used as the simulation model for planning and

control. While it offers general-purpose flexibility and

reliable physics, its rollout speed remains a computational

bottleneck, limiting scalability for tasks that require

extensive sampling or rapid execution. A promising direction

for future work is to integrate learned dynamics models as

lightweight surrogates, enabling significantly faster rollouts.

Such models could greatly improve computational efficiency

and expand the applicability of our approach.

Finally, our current representation of discrete modes is

limited to integer encoding, which could be extended to sym-

bolic forms such as first-order logic. Since symbolic transi-

tions often introduce geometric constraints, decision-making

requires integrated logic-geometric programming (Toussaint

2015). TTTS naturally supports the joint modeling of logic

and geometric variables, offering improved computational

efficiency over traditional hierarchical frameworks.
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Rémi Coulom. Efficient selectivity and backup operators in monte-

carlo tree search. In International conference on computers and

games, pages 72–83. Springer, 2006.

Robin Deits and Russ Tedrake. Computing large convex regions

of obstacle-free space through semidefinite programming. In

Workshop on the Algorithmic Foundations of Robotics (WAFR),

pages 109–124. Springer, 2015.

Sergey Dolgov, Dante Kalise, and Luca Saluzzi. Data-driven

tensor train gradient cross approximation for hamilton–jacobi–

bellman equations. SIAM Journal on Scientific Computing, 45

(5):A2153–A2184, 2023.

Sergey V Dolgov, Boris N Khoromskij, and Ivan V Oseledets. Fast

solution of parabolic problems in the tensor train/quantized

tensor train format with initial application to the fokker–

planck equation. SIAM Journal on Scientific Computing, 34

(6):A3016–A3038, 2012.

Neel Doshi, Francois R Hogan, and Alberto Rodriguez. Hybrid

differential dynamic programming for planar manipulation

primitives. In Proc. IEEE Intl Conf. on Robotics and

Automation (ICRA), pages 6759–6765, 2020.

Jens Eisert, Marcus Cramer, and Martin B Plenio. Colloquium:

Area laws for the entanglement entropy. Reviews of modern

physics, 82(1):277–306, 2010.

Jonathan D Gammell, Siddhartha S Srinivasa, and Timothy D

Barfoot. Batch informed trees (bit*): Sampling-based optimal

planning via the heuristically guided search of implicit random

geometric graphs. In Proc. IEEE Intl Conf. on Robotics and

Automation (ICRA), pages 3067–3074, 2015.

Caelan Reed Garrett, Rohan Chitnis, Rachel Holladay, Beomjoon

Kim, Tom Silver, Leslie Pack Kaelbling, and Tomás Lozano-
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Robust planning for multi-stage forceful manipulation.

International Journal of Robotics Research (IJRR), 43(3):330–

353, 2024.

Julius Jankowski, Lara Brudermüller, Nick Hawes, and Sylvain

Calinon. Vp-sto: Via-point-based stochastic trajectory

optimization for reactive robot behavior. In Proc. IEEE Intl

Conf. on Robotics and Automation (ICRA), pages 10125–

10131, 2023.

Sertac Karaman and Emilio Frazzoli. Sampling-based algorithms

for optimal motion planning. International Journal of Robotics

Research (IJRR), 30(7):846–894, 2011.

Lydia E Kavraki, Petr Svestka, J-C Latombe, and Mark H

Overmars. Probabilistic roadmaps for path planning in high-

dimensional configuration spaces. IEEE transactions on

Robotics and Automation, 12(4):566–580, 1996.
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Table 1. Hyperparameters employed for different tasks.

Task Batch Size Num. MCTS Num. Discret. Num. Sim. rmax Pop. Size CMA-ES Iter.

3-joint IK 1000 5 20 1000 21 25 20
7-joint IK 500 5 20 1000 21 25 20
3-joint MP 1000 5 20 1000 41 25 20
7-joint MP 500 5 20 1000 21 25 20
LegMani 500 5 20 1000 21 25 20

Multi-stage MP 1000 5 50 1000 41 25 20
Whole-body Manipulation 500 1 20 500 21 25 20
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A Appendix

A.1 Experimental hyperparameter

In our experiments, we utilized an NVIDIA GeForce

RTX 3090 GPU with 24 GB of memory. The tolerance

for the TT-Cross approximation was set to ϵ = 10−3.

Table 1 summarizes the hyperparameters applied across

different tasks. Batch size indicates the maximum number

of parallel environments; Num. MCTS denotes the number

of independent MCTS instances executed concurrently; and

Num. Sim. specifies the number of parallel environments

used during the simulation phase. Num. Discret. refers to

the discretization granularity of the state and action spaces.

The parameter rmax defines the maximum TT rank employed

during TT-Tree initialization via TT-Cross. Pop. Size and

CMA-ES Iter. are the population size and iteration count used

in the CMA-ES refinement step, respectively.

A.2 Implementation Details of the

AlphaZero-MCTS Baseline

Table 2 lists the implementation details of the AlphaZero-

MCTS baseline of Fig. 12 side by side with those of TTTS.

The baseline follows AlphaZero (Silver et al. 2017) on

the same decision tree as TTTS, where each level assigns

one decision variable. Its policy and value networks are

pretrained by self-play and are kept fixed during online

search. As in TTTS, the best solutions found by the

search are refined by CMA-ES over the continuous B-spline

weights, with the contact-face IDs fixed.

A.3 Setup of the Controlled Comparison of TT

and NN Surrogates

Table 3 summarizes the experimental setup for the

comparison in Section 7.5. We record all evaluations of J

queried during TT-Cross construction and then use these data

to train the NN surrogates. The 1× NN is an MLP with three

hidden layers and the same number of parameters as the TT.

The 10× and 20× NNs are MLPs with six hidden layers and

ten and twenty times as many parameters, respectively, and

the 50× NN is a residual MLP with twelve hidden layers and

fifty times as many parameters.

For the node-value accuracy in Fig. 13(b, d), we

evaluate nodes along high-quality solutions and compare

the estimated values of their children with reference values

computed using the true objective. Accuracy is measured by

the best-child accuracy, i.e., the fraction of nodes for which

the child with the highest estimated value is also the child

with the highest reference value.

A.4 Cost Function Used in Experiments

Continuous nonconvex function. To illustrate the

capability of TTTS in handling nonconvex optimization

problems and its advantage over TTGO, we construct

the following full-rank two-dimensional function as a toy

example. The performance of TTTS on this function is

reported in Section 5.5.1.

f1(x) = − 1
2 (0.8z − 2 sign(z))2 + 0.1∥x∥22 + 2,

x = (x1, x2)
⊤, z = x1+x2√

2

(17)

Mixed-integer nonconvex function. MsMP problems

can be generally formulated as mixed-integer nonconvex

programs. To demonstrate the effectiveness of TTTS in

addressing such problems, we consider the following

piecewise-defined mixed-integer nonconvex function:

x̃ =

[
x̃1
x̃2

]
= 1√

2

[
1 −1
1 1

]
x,

f2(x) =
1
2 g(x̃1) + 0.1h(x̃1, x̃2), (18)

where the piecewise components are defined as

g(x̃1) =





| − (x̃1 + 5)2 + 8|, −7 ≤ x̃1 < −3,
| − (x̃1 + 1)2 + 3|, −3 ≤ x̃1 < 1,

| − (x̃1 − 3)2 + 4|, 1 ≤ x̃1 ≤ 5,

| − (x̃1 − 7)2 + 5|, 5 < x̃1 ≤ 9,

| − (x̃1 − 11)2 + 10|, 9 < x̃1 ≤ 13,

0, otherwise,
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Table 2. Implementation details of TTTS and the AlphaZero-MCTS baseline on the planar pushing task (Fig. 12). Query

counts refer to evaluations of the true objective J , i.e., simulator rollouts.

TTTS (ours) AlphaZero-MCTS

Learned model TT approximation of the objective J(z,x) Policy network Pθ(a | s, z) and value network

Vφ(s, z)

State space (x, y, θ, px, py, c): slider pose, pusher position,

current contact face; initial (x, y, θ) used as

context

Same

Action space c1, . . . , c4 ∈ {0, 1, 2, 3} (contact face per

segment) and 4 B-spline weights

Same variables

Tree search rule UCB, Eq. (2), c = 3 PUCT,

Q(s, a) + c Pθ(a | s)
√

N(s)/(1 +N(s, a)),
c = 3

Architecture and model

size

TT with maximal rank 41, 1.8× 105 parameters Policy and value MLPs with 9.2× 104 (policy)

and 8.8× 104 (value) parameters

Offline budget: queries of

J / time

4.7× 105 / 10.5 s (TT-Cross) ≈ 4.1× 107 / 4.77 h (self-play)

Online budget: queries of

J per scenario

≈ 2× 104 ≈ 2.6× 104

Table 3. Setup of the controlled comparison of TT and NN surrogates (Section 7.5).

Face-switching planar pushing 3-joint manipulator motion planning

Decision variables 4 contact-face IDs (4 values) and 4 B-spline

weights

12 basis weights

Training data (shared) 3.8× 105 TT-Cross queries 1.2× 106 TT-Cross queries

Parameters (TT) 1.48× 105 2.6× 105

Parameters (NN 1× / 10× /

20× / 50×)

1.48× 105 / 1.48× 106 / 2.96× 106 /

7.4× 106
2.6× 105 / 2.6× 106 / 5.2× 106 / 1.3× 107

NN hidden layers (1× / 10× /

20× / 50×)

3 / 6 / 6 / 12 (residual) 3 / 6 / 6 / 12 (residual)

Search (shared) UCB of Eq. (2) with c = 3

h(x̃1, x̃2) =





(x̃1 + 5)2 + (x̃2 + 5)2, −7 ≤ x̃1 < −3,
(x̃1 + 1)2 + (x̃2 + 1)2, −3 ≤ x̃1 < 1,

(x̃1 − 3)2 + (x̃2 − 3)2, 1 ≤ x̃1 ≤ 5,

(x̃1 − 7)2 + (x̃2 − 7)2, 5 < x̃1 ≤ 9,

(x̃1 − 11)2 + (x̃2 − 11)2, 9 < x̃1 ≤ 13,

0, otherwise.

subject to the constraints

x = (x1, x2)
⊤, x1 ∈ {0, 1, . . . , 10}, x2 ∈ [−5, 5].

The performance of TTTS on this function is reported in

Section 5.5.2.

Cost function for inverse kinematics. In the inverse

kinematics (IK) setting, the goal is to find a joint

configuration q ∈ R
n such that the robot’s end-effector

reaches a desired target position while avoiding collisions

and maintaining reasonable deviation from the current

posture. The total cost function used is defined as:

ctotal = 50 cgoal + cobst.

The term cgoal penalizes the distance between the forward

kinematics output of the proposed joint configuration and the

desired end-effector position:

cgoal = ∥eefpos(q)− xgoal∥2 .

Here, xgoal is the target pose of the end-effector, and

eefpos(q) denotes the pose of the end-effector computed

using forward kinematics at joint configuration q.

The term cobst penalizes collisions by summing binary

collision indicators for the final robot configuration:

cobst =

Nlinks∑

i=1

collidesi(q),

where collidesi(q) ∈ {0, 1} indicates whether the i-th link is

in collision.

Cost function for motion planning. The total cost

function used for trajectory optimization is composed of

three terms: a goal-reaching cost, a collision avoidance cost,

and a control smoothness cost. The overall cost is defined as:

ctotal = 50 cgoal + cobst + 0.1 ccontrol.

The first term, cgoal, encourages the robot to reach the

desired target position. It is computed as the Euclidean

distance between the current end-effector position and the

goal:

cgoal = ∥eefpos − xgoal∥2 ,
where eefpos denotes the Cartesian position of the robot’s

end-effector at the final time step, and xgoal is the desired

target position.

The second term, cobst, penalizes trajectories that result

in collisions. It is computed by summing binary collision
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indicators over the trajectory:

cobst =

T∑

t=1

collisionst,

where collisionst ∈ {0, 1} is a binary variable indicating

whether a collision occurs at time step t.

The third term, ccontrol, measures the smoothness of the

joint trajectory. It compares the total length of the path in

joint space with the direct distance between the start and end

configurations:

ccontrol =

∑T
t=1 ∥qt − qt−1∥2
∥qT − q0∥2 + ε

.

Here, qt represents the robot’s joint configuration at time

step t, and ε is a small positive constant added for numerical

stability. We set ε = 10−6 in our experiments.

Cost function for legged robot manipulation. In the

legged robot manipulation setting, the objective is to find

optimal robot trajectories which move the manipulated box

toward the target pose. The total cost is defined as

ctotal = corn + cvel + 5 cpos,

where the three components are given below.

The first term penalizes deviation between the final box

orientation and the desired orientation:

corn = 0.1
∥∥obox

T − otarget

∥∥
2
,

where obox
T is the yaw angle of the final box orientation.

The second term encourages stable manipulation by

penalizing abrupt orientation changes of the box during the

trajectory:

cvel =
0.1

T − 1

T−2∑

t=0

∣∣ obox
t+1 − obox

t

∣∣,

where obox
t is the yaw angle of the box at time t.

The third term penalizes final position error of the box in

the horizontal plane:

cpos = 0.1
∥∥pbox

T − ptarget

∥∥
2
,

where pbox
T denotes the final box position projected onto the

xy-plane.

The cost function therefore balances final pose accuracy

(position and orientation) with the smoothness of the

manipulated box trajectory, promoting stable and efficient

robot–box interaction.

Cost function for multi-stage motion planning. In

the planar pushing setting, the objective is to compute a

sequence of discrete contact modes and continuous robot

velocities that move an object from its initial state to a

target pose. The total cost combines two components: a state

reaching cost and a control effort cost. It is defined as:

ctotal = cstate + 0.01 caction.

The state cost cstate evaluates how far the final state xT ∈
R

3 (position and orientation of the object) is from the target

pose xtarget ∈ R
3. It is defined as:

cstate =
∥∥xpos

T − x
pos
target

∥∥
2
+ 0.1 |θT − θtarget| ,

where:

• x
pos
T = [x1T , x2T ]

⊤ is the object’s final position

• θT is the final orientation

• x
pos
target and θtarget are the desired position and

orientation

The action cost caction penalizes the total effort of

the pushing trajectory, where each control input ut ∈ R
2

represents a planar velocity vector. The total control cost is

the sum of the norms of all pushing actions:

caction =
K∑

k=1

T∑

t=1

∥ut∥2 .

These actions are generated based on a discrete contact

face selection and continuous parameters defining a

trajectory. The discrete mode it ∈ {1, 2, 3, 4} specifies

which face of the object is being pushed at each time.

The final cost balances reaching the target pose accurately

with minimizing the pushing effort, with a small weight on

the latter to avoid excessive motion without overconstraining

the optimization.

Cost function for whole-body manipulation. In the

bimanual whole-body manipulation setting, the objective is

to control two arms collaboratively to manipulate an object

(e.g., a box) toward a target pose while maintaining effective

contact and avoiding awkward configurations. The total cost

function is composed of five terms:

ctotal = cpos + 50 corn + 0.1 ccontrol − ccontact + 5 δeef,

where cpos penalizes deviation of the box’s final position

from the target:

cpos =
∥∥pbox

T − ptarget

∥∥
2
.

pbox
T ∈ R

3 is the final box position and ptarget is the desired

position. corn measures orientation alignment between the

final box orientation and the target orientation, namely

corn =
∣∣θbox

T − θtarget

∣∣ .

ccontrol is a regularization term that penalizes excessive

joint movement across the trajectory:

ccontrol =

T∑

t=0

∥qt+1 − qt∥2 ,

where qt ∈ R
n is the full-body joint configuration at time

step t.

ccontact rewards the maintenance of valid bimanual contact.

Let cLt , c
R
t ∈ {0, 1} be binary contact flags for the left and

right hands. Then:

ccontact =
T∑

t=1

I
[
cLt = 1 ∧ cRt = 1

]
,
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where I[·] is the indicator function. This term is subtracted

from the total cost to encourage simultaneous dual-arm

contact.

δeef is a binary term that penalizes configurations where

the two arms are too close to each other, in order to avoid

self-collision:

δeef = I
[∥∥xeef0 − xeef1

∥∥
2
< 0.3

]
,

where xeefi is the Cartesian position of the i-th end-effector.

The cost function encourages accurate placement and

orientation of the manipulated object, smooth and efficient

joint trajectories, persistent bimanual contact, and physically

feasible arm configurations.
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